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GEOMETRY OF THE ENDS OF THE MODULI
SPACE OF ANTI-SELF-DUAL CONNECTIONS

PAUL M. N. FEEHAN

1. Introduction

Let X, be a closed, oriented, C* four-manifold and let Mx, p(go)
be the moduli space of go-anti-self-dual connections on a principal G
bundle P over X,. The subspace M%, p(go), obtained by excluding the
reducible connections is then a finite-dimensional, usually non-compact,
C* manifold. The moduli space M, p(go) is naturally endowed with a
metric g of Weil-Petersson type, called the L? metric, and our purpose
in this article is to study the geometry of the moduli space ends.

(a) Main results. It has been conjectured by D. Groisser and
T. Parker in [13], [14] and by S. K. Donaldson in [5] that the moduli
space of anti-self-dual connections, endowed with the L? metric, has
finite volume and diameter. The goal of this article is to prove this
conjecture under the hypotheses described below.

Theorem 1.1. Let Xy be a closed, connected, oriented, simply-
connected, C* four-manifold with generic metric go and let P be a
principal G bundle over X, such that either (1) G = SU(2) or SO(3)
and b7 (Xy) =0, or (2) G = SO(3) and wy(P) # 0, where wy(P) is the
second Stiefel-Whitney class of P. Then the moduli space M, p(go)
of irreducible go-anti-self-dual connections on P has finite volume and
diameter with respect to the L? metric g defined by go.

We plan to discuss the case of G = SU(2) and 6 (X,) > 0 in a sub-
sequent article. Note that when G = SO(3) and wy(P) # 0, the trivial
(product) connection © does not appear in the Uhlenbeck compacti-
fication m p(g0). By ‘diameter’ we mean the sum of the diameters
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of the connected components of M (go); the hypotheses imply that
M3, p(g0) has finitely many path components. In [5] Donaldson con-
jectured that the L2-metric completion of the moduli space coincides
with the Uhlenbeck compactification [3], [7]. We announce here the
following result whose proof is included in [9].

Theorem 1.2. Under the hypotheses of Theorem 1.1, the comple-
tion of Mx, p(go) with respect to the L* metric g is homeomorphic to
the Uhlenbeck compactification J\_/f;(o’ p(90)-

The requirement that X, be simply-connected implies that the mod-
uli space of flat connections consists of a single point representing the
product connection over X,. This assumption simplifies the description
of the ends of the moduli spaces M, p(go), but is not important in the
derivation of bounds for the components of g. We assume G = SU(2)
or SO(3) in order to appeal to the generic metric theorems of Freed and
Uhlenbeck which ensure that the moduli space is a C* manifold; other-
wise, the bounds for g obtained in Chapter 5 hold for any compact Lie
group. For the sake of clarity, we assume G = SU(2) for the remainder
of the article and denote Mx, r(go) by Mx, x(g0), where c;(P) =k >0
is the second Chern class.

(b) History. The properties of the L? metric have been investi-
gated by many authors in recent years, but most extensively by Groisser
and Parker. In particular, they have conducted detailed studies of its
behaviour at the boundary of certain & = 1 moduli spaces. Explicit
formulas for the components of g have been found by Doi, Matsumoto,
and Matumoto [2], Groisser and Parker [13], and Habermann [15] when
k =1 and X, is the four-sphere S* with its standard round metric g;.
Groisser conducted a similar study when X, is the complex projective
space @132, equipped with the Fubini-Study metric grs [11]. Their
formulas imply that these ¥ = 1 moduli spaces have finite g-volume
and g-diameter. More generally, Groisser and Parker have established
Theorem 1.1 in the special case k = 1 [14]. They also obtained C?°
bounds for g in neighbourhoods of the reducible connections, the ‘con-
ical ends’, for any £ > 1. In [12], Groisser refined some of the &k =1
results obtained in [14]. It is worth recalling that the L? metric is not
invariant with respect to conformal changes in the metric gy on Xj.

The approach of [14] does not appear to readily generalise to the case
k > 1, since their method relies on Donaldson’s collar map which gives a
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diffeomorphism from the ‘bubbling end’ of M%_ ;(go) to the collar Xg x
(0, Ag). For this reason we adopt a quite different method which uses
the gluing techniques of Taubes and Donaldson to construct a system
of local coordinate charts covering the ‘ends’ of the moduli space. We
then estimate the components of g with respect to these coordinates. In
the case of the Weil-Petersson metric on Teichmiiller space, estimates
of this type have been obtained by Masur [16]. In [8], the author
proved Theorem 1.1, when X, = S* and k¥ = 2, using the ADHM
correspondence [7]. After the present work was submitted, a preprint
was received from Peng giving L? estimates for the derivatives with
respect to moduli parameters of the family of anti-self-dual connections
A on the connected sum X,#S* constructed in §7.2.2 of [7], with
H?% =0 [18]. His L? estimates are defined with respect to a family of
metrics g, which are conformally equivalent to go and which pinch the
neck of the connected sum as A — 0; away from the neck g, coincides
with go on X, and it converges in C'™ to the standard round metric on
the unit sphere S*.

(c) Outline and strategy. It remains to summarise the methods
used in the proofs of our main results. Let us first recall the definition
of the L* metric. The tangent space T4 M%, ;(go) is identified with the
cohomology group HY = kerd;*°/imd%®. Given tangent vectors [a],
[b], the L? metric g is defined by

(1'1) g[A]([a’]a [b]) = (ﬂAa’a ﬂAb)Lz(Xo,go)’

where m4 = 1 —da(d3%°d4) " d%" is the L? orthogonal projection from
L*Q'(Xy,ad P) to the subspace ker d%°. Clearly, g([a], [0]) is bounded
above by |lal|r2]|bllzz, and so a reasonable strategy is to seek upper
bounds for g over the moduli space ends. This will suffice for our
present application.

(i) Moduli space ends and the bubble tree compactification. Our first
task is to describe useful models for the ends of the moduli space of
anti-self-dual connections. Let (Aq,Z1,...,Zm,) be a point in the stra-
tum My, 1(g0) N (Mxq 1(90) x s*7*2(X,)) of the Uhlenbeck compact-
ification (see §4.1) which lies away from the diagonals of the symmet-
ric product, so that my = k — k¢ and each point z; has multiplic-
ity 1. Then every point [A] € Mx,x(go) which is close enough to
(Ao, Z1,- ., Tm,) In the Uhlenbeck topology can be shown to lie in a
neighbourhood constructible by gluing or ‘gluing neighbourhood’ [3],
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[7). Thus, suppose [4,] is a sequence in My, x(go) which converges
weakly to (Ao, Z1,...,%m,). As described in §4.2, the sequence of con-
nections {A4,] produces sequences of local mass centres z;, converging
to the points z; and sequences of local scales A;, converging to zero.
Using the scales );,, one now dilates the metric gy around the points
z;, and produces a sequence of conformally equivalent, C'*° metrics g,
on a connected sum X = X,#1S% As the scales \;, tend to zero,
the corresponding neck is pinched and the connected-sum metrics g,
converge in C* on compact subsets away from the neck regions to
the metric go on X, and the standard round metric g; (of radius 1)
on each copy of S%. This ‘conformal blow-up’ procedure gives a se-
quence of g,-anti-self-dual connections [A,] which converges strongly
(in the sense of [7]) to a limit (A¢, Iy, .- -, In,) over the join X, V29 S4,
where the I, are the standard one-instantons over X; = S* with cen-
tre at the north pole n and scale 1. Here, strong convergence means
C* convergence on compact sets away from the necks and such that
c2(Ao) + 310 e2(I;) = k; there are no singular points and there is no
curvature loss over the necks. One obtains an open neighbourhood in
—M_;o,ko (go) of the boundary point (Ag,Z1,...,Zm,) by gluing up the
limit (Ao, I1,- -, In,)-

On the other hand, if the set Zy = (z1,...,Zm,) lies in the diagonal
of the symmetric product s*~*¢(X,), the limiting behaviour of the se-
quence [A,] may be rather more complicated. Suppose [A,] is the corre-
sponding sequence of g,-anti-self-dual connections over X = X #° S*
produced by conformal blow-ups. The sequence A, converges in C°°
on compact subsets of X \ Z, to a go-anti-self-dual connection A, over
Xy, but in general only converges weakly to an Uhlenbeck limit (4;, Z;)
over the four-spheres X; = S*, where Z; = (zi1,...,Zim,) is contained
in X; \ {s} and s is the south pole. If the connection A;, ¢ > 0, is not
flat, then.the conformal blow-ups may be chosen so that its curvature
density is centred in the sense of [23]; its mass centre lies at the north
pole and has scale (essentially its ‘standard deviation’) equal to 1 (see
§4.2).

Unless all the singular sets Z; are empty, one can no longer produce
an open subset of the moduli space Mx, «(go) simply by gluing up the
connections (A4;)i~%; because of the nature of the convergence process,
some of the required moduli parameters have been lost in the limit.

Instead, the above conformal blow-up process must be iterated. The
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idea of iterating conformal blow-ups has been suggested by Sacks and
Uhlenbeck in the context of harmonic maps of S [19]. Taubes described
an iterative scheme of this type which is used to analyse the limiting
behaviour of sequences of connections with uniformly bounded Yang-
Mills functional and functional gradient tending to zero [23]. Parker
and Wolfson described a bubble tree compactification for pseudoholo-
morphic maps of Riemann surfaces into symplectic manifolds and noted
that their method should apply to the case of Yang-Mills connections
over four-manifolds [17].

For the problem at hand, by repeatedly applying conformal blow-
ups, we obtain a sequence of g,-anti-self-dual connections A, over a
large connected sum X = #;c7X;. Here, T is a set of multi-indices
I obtained when the conformal blow-up process is iterated. Thus, 7
records the tree structure and if I = 0, then X; is the four-manifold
Xy, while if I # 0, then X; is a copy of S*. The construction of the
‘conformal blow-up maps’ f, ensures that the blow-up process must be
repeated at most £ times in order to produce a sequence of connections
[fia] which converge strongly to a limit (A;);er over a join Vyer Xy,
where A, is a gp-anti-self-dual connection over X; and each Aj, for
I # 0, is a g,-anti-self-dual connection over X; = S* The sequence
of metrics g, converges in C'* on compact subsets away from the neck
regions to the metric g, on X, and the standard round metric g; on
each sphere X;. This convergence scheme produces the ‘bubble tree
compactification’ mo’ko (9o) and is described in §4.3.

In particular, bubble tree degeneration and gluing are inverse to one
another in a natural way. Using the techniques of [7] one can now glue
up the bubble tree limits (A;);er to form g-anti-self-dual connections
A over a connected sum X = #;c7X;, and construct open subsets of
the moduli space Mx x(g) by small deformations of the limit data. The
gluing procedure gives a collection of conformal maps f; (from a small
ball in a lower level summand X;_ to the complement in the sphere X
of a small ball around the south pole) defined in exactly the same way
as the above conformal blow-up maps f;.. Here, g is a C* metric on X,
which is conformally equivalent to the old metric g, (via the maps fr)
and depends on the choice of gluing sites, frames in the principle SO(4)
frame bundle FX,, scales, and the metric go on Xj; its construction
and properties are discussed in §3.5. Similar metrics over connected
sums are described in [3] and [24]. Pulling back via the blow-up maps
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then gives gy-anti-self-dual connections A over X, and hence, produces
open subsets of the moduli space Mx, (go)-

Generalising the arguments in [3] and [7] and employing the compact-
ness results of §4.3, one then shows that My_ ,(go) has a finite cover
consisting of gluing neighbourhoods V. Of course, any precompact
open subset of Mx, (go) is covered by finitely many Kuranishi charts,
and these comprise the ‘gluing charts’ in this case. Moreover, the L2-
metric geometry near the reducible connections, the conical ends, has
already been analysed by Groisser and Parker [14], so we may confine
our attention to the more troublesome bubbling ends.

(#1) Upper bounds for the components of the L* metric. We now
outline a method of computing estimates for the L? metric g over the
ends of the moduli space. In §§3.3 and 3.4 we apply the techniques
of [3] and [7] to first construct approximate gluing maps J': 7°/T' —
Bk, t — [A'(t)]. Here, X is the connected sum #ezX; with C
metric g conformally equivalent to g on Xj, and 7 /T is a certain
parameter space. If the g-self-dual curvature F*9(A’) is sufficiently
small, one can then solve the g-anti-self-dual equation, F*9(A’'+a) = 0,
or equivalently

(1.2) dia+ (@aha)™? = —FH9(A"),

for a € Q'(X,ad P). This gives a C* family of g-anti-self-dual con-
nections A = A’ + o and thus a gluing map J : 7°/T — Mx ,(9),
t — [A(t)]. The solutions a to Eq. (1.2) are expressed in the form
a = P¢, where ¢ € QT9(X,ad P) and P is a right inverse to the oper-
ator d}’ constructed (as in [7]) by patching together right inverses P;
for the operators d})*’ over the summands X;. Therefore, Eq. (1.2)

takes the shape
(1.3) E+ (PEAPET = —FH9(A').

Following [7], we assemble the framework required for solving Eq. (1.2)
in §5.1.

Now the L? metric g depends on the choice of metric gq, not just the
conformal class [go]. So, using the conformal maps f;, we pull back the
family of g-anti-self-dual connections A(t) = A'(t) + a(t) over X to an
equivalent C* family of go-anti-self-dual connections A(t) = A’(t)+a(t)
over Xo. Hence, we obtain gluing maps J : 7°/T" — My, +(g0), t —
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[A(t)] analogous to those constructed by Taubes. The properties of the
gluing maps J and J are discussed in §5.2.

The problem then is to estimate the differentials D7 and this task
is comprised of two parts. The first part is to bound the derivatives
0A'/dt; this local calculation is the subject of §§3.7 to 3.9 and the main
results are summarised in §3.10. The more difficult part is to bound the
derivatives of the correction terms, 8a/0%; this involves bounding the
derivatives of global operators such as P and is described in §§5.3 to
5.5. The problem of expressing bounds for derivatives of d(¢) in terms
of bounds for derivatives of a(t) is the subject of §3.5. Some care is re-
quired here, since the conformal maps f; vary with the scale and centre
parameters, as does the metric ¢ in Eq. (1.2). The required estimates
for the derivatives da/0t are then computed in §§5.3 to 5.5 in terms
of bounds for P/0t and 9¢/0t; the estimates for 9¢ /9t are obtained
implicitly from Eq. (1.2). For the special case of a neighbourhood of a
point (4g, A;) (with H5 = 0), L? estimates for the derivatives 9A/0¢
were later obtained independently by Peng using similar methods [18].

It is the estimates for derivatives with respect to the scales A; which
require the most care. For example, difficulties arise when bounding
the derivatives DA’ /OA; because of the dependence on A; of the confor-
mal maps f; and the cutoff functions required to patch the connections
Aj together over the connected sum. These derivatives are ill-behaved
as A; = 0, and the necks of the connected sum X are pinched. Prob-
lems also occur when one attempts to bound da/dA;, since a = P¢
and the construction of P involves cutoff functions with badly behaved
derivatives with respect to A; as A\; — 0. The final estimates for the
differentials D.J and the corresponding bounds for the L? metric g
are sumarised in §5.6. The constants appearing in the bounds for g
depend only on the gluing neighbourhood. Theorem 1.1 then follows
immediately from these estimates.

2. Preliminaries

In this Chapter we establish our notation and define the L? metric.
Unless stated otherwise, we adhere to the standard conventions of [7].
For further details concerning gauge theory, we refer to [7] or [10] and
the references therein, while for details concerning the L? metric, we



472 PAUL M. N. FEEHAN

refer to [13], [14].

Let X be a closed, connected, oriented, C'*° four-manifold with Rie-
mannian metric g and let P be a principal G bundle over X with Lie
algebra g. As noted in the Introduction, we will generally confine our
attention in this article to the case G = SU(2) for the sake of clarity. We
let Q!(P, g) denote the space of C* g-valued I-forms, let ad P = P x 549
be the adjoint bundle, and let Q2!(X,ad P) be the space of C* ad P-
valued [-forms on X. Let Ap be the affine subspace in Q'(P,g) of
C* connection 1-forms on P. For a connection A on P, we let V4 be
the corresponding covariant derivative, let d4 be the exterior covariant
derivative, and let F4 € Q%(X,ad P) denote the curvature.

Let Gp be the group of C* bundle automorphisms or gauge trans-
formations. Recall that the isotropy group I'y C Gp of a connection
A on P is isomorphic to the centraliser of the holonomy group of A
in GG, and the centre Z of the bundle structure group G is isomorphic
to the centre of Gp. Thus I'y D Z and we let A} be the dense open
subset of connections A € Ap with I'y = Z, so that A} is the space of
irreducible connections on P when G = SU(2) or SO(3).

The bundles A'T*X ® ad P have fibre metrics { , ) induced by the
Riemannian metric g on X and the inner product on the Lie alge-
bra g given by —1 times the Cartan-Killing form; if &;,£, € g, then
(&1,&) = —tr(&&,). In particular, we may define Sobolev spaces
LPQ'(X,ad P) in the usual way and consider the action of the L2_,
gauge transformations G on the space of L2 connections Ap (for n > 2)
with quotient Bp = Ap/Gp, omitting the explicit Sobolev notation
when no confusion can arise.

The tangent space T4 A%} is equal to Q'(X,ad P) while the tangent
space to the G-orbit through A € A} is imdy C Q'(X,ad P). This
induces an L?-orthogonal decomposition Ty A} = ker d*, ®imd4, where
kerd’ C Q'(X,ad P). There is an associated horizontal projection
operator w4 : TaAp — kerdy, with 74 = 1 — daG%d%, where GY is
the Green’s operator for the Laplacian A% = d%d4. To identify the
tangent space T4 B85, introduce C* paths A(t) in A} and u(t) in Gp,
u(0) = 1. If A*(¢) = us(A;), then

dA* _L.dA _du

Thus dA/dt(0) defines an element of Q'(X,ad P)/imd, and there-
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fore the tangent space Tj4B5 is given by Q'(X,ad P)/imd4 =~ ker d¥.

Let Mp(g) be the moduli space of g-anti-self-dual connections on the
G bundle P over X, that is {[A] € Bp : F+9(A) = 0}, and let M}(g) be
the dense open subset Mp(g)NBp. If A(t) is a C*™ path in Ap satisfying
- FH9(A(t)) = 0, then dA/dt(0) defines an element of ker d? /im d;".
The g-anti-self-dual condition F+9(4) = 0 is equivalent to d;?od, = 0,
and so we have the elliptic deformation complex

. ap
(22)  Q°(X,ad P) -2 Q'(X,ad P) 2 Q*9(X,ad P)

with associated cohomology groups HY, where HY is the Lie algebra of
T4, the group H} = ker d*/ im d, is just the tangent space T; 4, Mp(g),
and H? = coker d};?. By Hodge theory there are natural isomorphisms
HY ~ ker AY, HY ~ kerd Nkerd$?, and H% ~ ker A%?, where the
Laplacian A} is equal to dy?(d}?)*.

If [A] is an irreducible point of Mp(g), then H = 0, and an irre-
ducible point [A] is regular if H2 = 0. The moduli space Mp(g) is
regular if all its irreducible points are regular points, and in that case,
M} (g) is a C* manifold of dimension

(2.3) dim Mp(g) = 8k(P) — 3(1 — b (X) + b+ (X)),

with tangent space Tj4)Mp(g) = H} at the point [A].

According to the Freed-Uhlenbeck theorems, the anti-self-dual mod-
uli spaces M}3(g) are smooth manifolds when g is generic. More pre-
cisely, if 5T (X) > 0, P is any SU(2) or SO(3) bundle P over X, and the
metric g on X is generic, then the following hold: (1) M} (g) contains
no points [A] with H3 # 0. (2) If ¥*(X) > 0 and [ > 0, then Mp(g)
contains no points [A] with H§ # 0 for any bundle P with 0 < k(P) < L.
(3) If b+ (X) = 0 and P is non-trivial, then the cohomology groups H3
are zero for all the reducible g-anti-self-dual connections A on P, and a
neighbourhood of point [4] € Mp(g) with HY # 0 is homeomorphic to
a cone over CP**~? and diffeomorphic away from the cone point [A].

It remains to define the L? metric. The quotient space B} inherits a
(weak) Riemannian L? metric g by requiring that the projection map
for the principal Gp/Z bundle A} — B} be a Riemannian submersion:
if [a], [b] are tangent vectors in T4 B, then

(2.4) gua(ah 1)) = | (maa,mab) ¥,
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and this restricts to give a C*° Riemannian metric g on the moduli
space M}:(g).

3. Differentials of the approximate gluing maps

Our purpose in this Chapter is to construct the approximate gluing
maps J' : T/T — By, and J' : T/T — Bk, and to estimate the
differentials DJ’, and especially DJ'. The construction of J' uses
the method employed by Donaldson in [3], [7]. The induced maps J’
are essentially the approximate gluing maps described by Taubes in
[20], [21], [23]. In the former case, we obtain an almost g-anti-self-dual
connection A’ over a connected sum X = Xo#;czS* with metric g
conformally equivalent to g, on X,, while in the latter case we obtain
an almost gy-anti-self-dual connection A’ over X, with its fixed metric
go. In Chapter 5, we obtain a system of coordinate charts 7 : T/T —
M, +(go) covering the moduli space by perturbing the maps J' using
the techniques of [7] for solving the anti-self-dual equation.

3.1. Preliminary estimates for connections and curvature.
We describe some pointwise estimates for local connection one-forms
and curvature two-forms. We first consider estimates for connection
one-forms in radial gauge on a C'* manifold X with C*° metric g.
Suppose P — X is a principal G bundle, A is a C* connection on
P, and B is an open geodesic ball centred at zo € X with radius
0/2, where p is the injectivity radius of (X,g). Define a C* local
section o : B — P by parallel transport of a point in the fibre P|;,
along radial geodesics through zy. If 7 is a radial geodesic in B with
v(0) = zo and ¥(t) = &, then o* A(zo) = 0 and ¢, 0* A(y(¢)) =0, ¢t > 0.
If =1 : B — R* is a geodesic normal coordinate system centred at z,,
and we define a geodesic v by v(¢t) = ¢(tz), z € B, t € [0,1], then
Y (t) = tz#, ¥ = x, and 10" A = z#(0* A),. We recall the following
estimates for local connection one-forms in radial gauge.

Lemma 3.1. [25 (p. 14)] Let A be a C* connection on a principal
G bundle P — X, where X is a C*® manifold with C* metric g, and
let B be a geodesic ball of radius p/2 centred at zo € X, 0 : B — P
be a local section such that o*A is in radial gauge centred at x,, and
¢t : B — R" be a geodesic normal coordinate system centred at zo. If
K = |Falls=(a,), then |§"0"Al,(c) < Kla|, for | < o/2.
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Let HP' be the right quaternionic projective space, with the stan-
dard identifications H ~ R* and HP' ~ S* Coordinate patches for
S* may then be defined by U, = {[z,y] : y # 0} = S*\ {s} and
U, = {[z,y] : © # 0} = S*\ {n} covering the north pole n = [0,1] and
south pole s = [1,0], respectively. We let ¢.* : U, — R4, [z,y] — zy™!
and ¢;' : U, —» R, [z,y] — yz~! denote the standard local coordinate
charts. If g; is the standard round metric of radius 1 on S*, then

* — h2 — 4 4
(3.1) (9591) (7)) = hi(7)0,, = (1+ |:L'|2)26‘“" z e R,

for a = n, s, where the standard flat metric on R?* is denoted by 4.

Let A be a C* connection on a principal G bundle P — S*, where
S* has its standard metric g;. We define a system of local sections
0o : Uy = P, a =n,s, by parallel transport of points in the fibres P|,
along radial geodesics through the north or south poles. The estimates
below follow easily since A is smooth over S* with metric g;:

Lemma 3.2. Let A be a C* connection on a principal G bundle
P — S* where S* has metric g; and K = ||F4||z=(s44,). Then, for

a76 e {n7 S})

4 . _
B3P As(o) < 4K fr{mER i o=,

K
(1 + |=f? reR\{0} if a#p.

Lemma 3.3. Given the hypotheses of Lemma 3.2, if the local con-
nection one-forms oA are in radial gauge, then |¢pro’Al, (z) < K|z,
forz € R* and a =n,s.

3.2. Connections over the four-sphere and conformal dif-
feomorphisms. Recall that the group of conformal diffeomorphisms
of S* acts on the space Ap of C* connections on a G bundle P over S$*.
The group D x T of dilations and translations of R* may be identified
with a subgroup of the conformal group of S*. Hence, in this section
we discuss some aspects of the induced action of R x R* on the space
Ap. For related material we refer to (5], [10], [13], [14], and [23].

Let P be a G bundle with C* connection A € Q!(P,g) over a C®
manifold X and suppose ¢; is a C™ one-parameter group of diffeomor-
phisms of X generating a vector field £ € C®(TX). Let £ € C(TP)
be the horizontal vector field covering £ and let ¢; be the one-parameter
group of diffeomorphisms of P generated by £. Then @; commutes with
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right G multiplication and covers ¢. Fixing Q € Q!(P, g), we obtain a
C* one-parameter family of C* one-forms @; 2 on P with

d@‘ﬂ‘

dt li=o
where L) € QY(P,g) denotes the Lie derivative of Q with respect to
£; in particular, @;A is a C™ one-parameter family of C™ connection
one-forms on P.

Lemma 3.4. Let P be a G bundle with connection A € Q*(P,g)
over a manifold X. Given a vector field £ € C*(TX), let £ € C>(TP)
be its horizontal lift. If Fy € Q%(P,g) is the curvature of A, then
ﬁé’A = LEFA-

Proof. Since £ is horizontal, A(£) = 0 and so for any vector field n €
TP, we have (EgA)(ﬂ) = (tgdA + diegA)(n) = dA(n,§). But Fu(n,§) =
dA(n,€) + 1[A(n), A(€)] and so the result follows.

We also need to consider Lie derivatives of ad P-valued one-forms.
Recall that if # : P — X is the bundle projection, there is an injective
map 7 : Q(X,ad P) — Q(P,g). The one-forms  in the image of
m* are characterised by the properties (a) R:Q = Ad(u™')Q, for all
u € G, and (b) Q(n) = 0 if n € TP is vertical. Hence, the action of
@ on Q'(P,g) induces an action on Q'(X,ad P) = I'(T*X @ ad P).
Thus, if w € 2(X, ad P), we obtain a C* one-parameter family of C*
ad P-valued one-forms @;w on X with

(3.2)

= L0,

do;w
(33) TL:O = [,éw,
where Lzw € Q'(X,ad P) denotes the Lie derivative of w with respect
to §~ .

For the purposes of calculation, it is useful to phrase the preced-
ing discussion in terms of local one-forms on X. It is convenient to
choose a system of local sections o, : U, — P which are parallel
with respect to the connection A and vector field £, in the sense that
A(o4.£&) = 0. For example, one can try to construct o, by first choos-
ing a section o,|y,, where V, is a submanifold of U, transverse to the
vector field £, and then extend by parallel translation along integral
curves of £ to construct a section o, over a tubular neighbourhood U,
of V,. Local sections of this type are described in [10 (pp. 146-147)]
and [25 (pp. 14-15)].
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Given a system of (A, ¢)-parallel local sections o,, we have £ = Oaxé
and ¢, = oL@, over U,. Hence, for w € Q}(X,ad P) we see that
oapiw = pyosw and opLaw = Leojw on U, and similarly for A €
Q' (P, g). Indeed, one can see that the transition functions {u,s} are
constant along the vector field £. For if o5 = o,uag, then 05,6 =
Oaxl - Uap + 0o - Uaps€, Which gives A(0p.£) = Ad(ugz)A(0al) + Aos -
Uagx€), and thus duys(§) =0, since A(04.€) = A(04.8) =0 and A(o, -
Uapsl) = Uapel. Here, 04 - Uga. is the vector field on P|y, obtained
by differentiating the maps G — P given by u — o,(z)u. When
computing Lie derivatives of local connection one-forms or ad P-valued
one-forms with respect to a vector field £, we shall always require that
the local sections o, be (A4, £)-parallel.

It is often useful to express L;w in terms of covariant derivatives.
Suppose X has a C* metric g. We have L,w = t;dw + dicw, or in local
coordinates, (L;w), = £Y0w,/0z" + w, 06" [0z*. We find that

(3.4) Liw = V?’gw + w(V9¢),

using normal geodesic coordinates {z*} and (A, ¢)-parallel local sec-
tions {o,}. In the sequel, we omit the “tildes” to indicate lifts of
vector fields or diffeomorphisms on the base to the total space of a
principal bundle, this being understood from the context. Note that if
®: X — X is a diffeomorphism and w € Q!(X,ad P), then we have
LP*w=P"Ls,cw.

Let A be a C* connection on a G bundle P over S* and let w €
Q!(S*,ad P). For any t € (—o0,00), let §; be the dilation of R* given
by z — €'z, and for any p € R* let 7, be the translation of R* de-
fined by 7, : £ = z —p. If 6, and 7, again denote the conformal
diffeomorphisms of S* induced by the chart z = ¢, !, then the group
C= S0(4) x Dx T of rotations, dilations, and translations of R* is
identified with the subgroup in Conf(S* g,) of diffeomorphisms which
fix the south pole s € S* Setting ¢; = §; or 7, we see that these
diffeomorphisms are generated by the vector fields

_ 0 _ 0
(3.5) r:a;“gc—c; and —p:—p“g‘—;.

We always choose p € R* with |p| < 1. We next describe the construc-
tion of (A, £)-parallel local sections o, for £ =r or p.
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Considering the group of dilations D, let 0,0, be the local sections
formed by choosing points in the fibres P|,, P|; and then parallel trans-
lating along radial directions from the poles. The transition function
u will be constant along the radial directions, du(r) = 0, and the lo-
cal connection one-forms o} A are in radial gauge. On the other hand,
considering the group of translations T, suppose first that p = 8/0z*
and let o,/ss, 05ss be the local sections formed by parallel translation
from the north and south poles of the three-sphere S® C S* defined by
the image of the z'z%z3-plane under the map ¢, : R* — S*\ {s}. We
obtain local sections a,,,0, by parallel translation along the z*-axis.
The transition function u will now be constant along the z*-axis, so
du(p) = 0, and the local connection one-forms o%A are in a transverse
gauge. By a linear change of coordinates, the same argument applies
to arbitrary translations.

For the dilations, we have

dé;w
dt t=0

using L;w = tgdw+diew, or in local coordinates, (Liw), = £ 0w, /0z" +
w, 0% /O0z*. Similarly, for the translations we have

(3.6) = Liw = t;dw + w,

dryw '
dt =0

(3.7) = —Low = —tpdw,
where p = p*d/dz*.

For any A € (0,00), let ¢y be the diffeomorphism of S* defined by the
chart z = ¢! and the dilation ¢, of R* given by z ++ z/A. Thenc, = é;
with t = —log A, and so from Eq. (3.6) we have Zcjw = —3c3L.w.
Similarly, for the translations 7,, ¢ € R*, we see that Eq. (3.7) gives
2Tow = —TrLow, where 8/0p = p*8/dg* on the left-hand side and
using 7,44 = @gp © T, on the right. Combining these actions, we find
that

1 0 1
(3.8) “Chw = _XT;CKLrw and —7 0w = —XT;ciﬁpw.

6 T
X1 Op
Similarly, considering the action of the dilations ¢, and translations 7,

on connection one-forms, we have

0 1 1
(3.9) ﬁT‘;C:A = —XT;cf\L,FA and %Tq"cf\A = —XT;cjapFA.
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These derivative formulas play a significant role in the sequel.

It is convenient at this point to recall Taubes’ definition of a centred
connection over the four-sphere [23 (p. 343)]. Let A be a g;-anti-self-
dual connection on a G bundle P with ¢, (P) = k over S*, where S* has
its standard metric g;. Pulling back via the chart z = ¢;* : S*\ {s} —
R, we obtain a d-anti-self-dual connection A on a G bundle P over R*
with its standard metric §. Let © denote the flat connection on the
product bundle. Suppose A # ©; then the mass centre ¢ and scale A
are defined by

g = Centre[4] = 87:% A4$IFA|2 d'z,
(3.10)
PR |

If A= 0, we set Centre[A] =0 and Scale[A] = 0. The connection A is
called centred if Centre[A] = 0 and Scale[A] = 1. Eq. (3.10) leads to
the following Tchebychev ineqality:

(3.11) / [Py’ d*s < 87%kR™2, R>1.
|z—q| >R

Hence, the ball B(g, R\) contains A-energy greater than or equal to
872k(1 — R™2).

Setting fa, = ¢\ o 74, we see that Centre[(f5,)*4] = 0 and
Scale[(f5 ;)*A] = 1. Let M, denote the moduli space of g;-anti-self-
dual connections on the bundle P over S* and let M denote the moduli
space of centred g; -anti-self-dual connections. Note that M} consists of
a single point representing the standard one-instanton over S%. More
generally, the relationship between M) and M} is explained below.

Proposition 3.5. For any k > 0, the space M} is a smooth sub-
manifold of My,. Moreover, My, is diffeomorphic to M? x R* x (0, c0).

Proof. One argues as in [23 (pp. 343-344)] and [22 (pp. 365-367)].
Given [A] € My with Centre[A] = ¢ and Scale[A] = ), set fy, = caoT,.
The map [A] — ([(fx7)"Al,¢,A) then gives the required diffeomor-
phism.

3.3. Gluing construction of approximately anti-self~dual
connections. We describe the approximate gluing constructions of
Donaldson [3], (7], and Taubes [20]; [21], [23], adapted to the case of
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‘bubble trees’. For clarity, we first discuss the construction of approx-
imately anti-self-dual connections over single connected sums. Let X,
be our closed, smooth four-manifold with metric g, and injectivity ra-
dius gy, and let X; = S* with its standard round metric g, of radius 1.
Let z, be a point in Xj and let z,,,, 2,, denote the north and south poles
of X;. Let P; — X, be principal G bundles with ¢;(P;) = k;, ¢ =0,1.
Let F X, be the principle SO(4) bundle of oriented, orthonormal frames
over X,.

A choice of frame v; € FXy|,, defines a geodesic normal coordinate
system ¢7! = exp;! : Bi(0y) = R*. Denote ¢ro = Pa, a = 5,1, where
¢;' : Uy, = S*\ {a} — R* are the standard coordinate charts on the
four-sphere. Let B,(r) = B(z;,r) be the open geodesic ball in X, with
centre z; and radius 7, and let By,(r) = ¢1,({z € R* : |z| < r}), an
open ball in X; with centre z,,. Let Q,(r,R) = Q(z1,7, R) be the
open annulus B;(R) \ B,(r) centred at z,; € Xy, with inner radius r
and outer radius R; similarly, let Q,(r, R) = Q(z1,, 7, R) be the open
annulus By,(R) \ Bis(r) in X;.

Let N > 4 be a large parameter, to be fixed later, and let A; > O bea
small scale parameter such that /\i/ ’N <« 1. We define open sets X§ =
Xo \ Bi(N"1M\?), X = Xo \ B1(3)1"), and XJ' = X, \ B1(2NX?)
— the complements in X, of small balls around the point z,. Likewise,
define open sets X, X', and X]” in the sphere X;. Let ; denote the
annulus Q; (N=1A7% NAY2) in X, and let Qy, = Qu(N-1AY2 NAL?)
be the corresponding annulus in X;. Let ¢; be the dilation map on R*
defined by z — z/),. Define balls B! = B,(NA}’?) and B! = B, (2\}/?)
centred at z; in X, and a diffeomorphism

(3.12) fi=¢mociogt : By — X.

Hence, f, identifies the small balls B; and B}’ in X, with the open sets
X and X/ in X, and restricts to a diffeomorphism f; : ; — €4,.

We let X be the connected sum Xo#y, X;. In §3.5 we define a smooth
metric g on X which closely approximates the metrics g; on each sum-
mand X| and such that the map f; : B; — X] is conformal. Thus,
(X, g) is conformally equivalent to (Xo, go)-

Let A; be g;-anti-self-dual connections on the bundles P, — X,
¢ = 0,1. The connections Ag, A;, together with a choice of points
in the fibres Py|;,, Pil|z,,, define local sections o; : Bi(go) — P and
o1, : X1 \ {z1n} — P, by parallel transport along radial geodesics
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through z, z;,. Hence, we obtain local trivialisations Py|p, ~ B; x G
and P,|p,, ~ B, X G.

Let b, > 4NAY? be a small parameter, b; < 2min{1, go}; we will
eventually set b, = 4N /\}/ 2. Choose cutoff functions ¥; on X; such that
0 <9 <1, with o =1 on X, \ Bi(b1), ¥o = 0 on B,(b,/2), and
similarly for ¢; on X;. We let A) = 1Ay be the C* connection on
the bundle 7y : Py — X, defined by '

(3.13) 4 = {A" o Folxorsty
75 (oot Ao)  on Pip ).

Of course, we have the analogous definition for the C*> connection A}
over X;, and we obtain almost anti-self-dual connections which are flat
on the balls Bj, Bi,.

To construct the cutoff functions ;, choose a C*™ bump function ¢
on R! such that {(t) =1 for ¢t > 1 and ¢(¢) = 0 for t < 1/2. Define
a C™ cutoff function 9, on R* by ¥,(z) = ((|z|/b), for any b > 0.
Set 9o = (¢7")*1, and extend by 1 on X, \ B(z1,b,) and by zero on
B(z1,b,/2) to give ¥, € C°(X,); likewise, set ¢; = (¢13 ) s, and
extend to give ¢; € C°(X;). Each p; extends by zero to give a C*
cutoff function on the connected sum X.

Choose a G-equivariant isomorphism p; € Gl;,, where
Gl,, = Homg(Fylsy, Pilzr,) = G is the space of ‘gluing parameters’.
Using the connections A; over the small %bl—balls, spread out the fibre
isomorphism p; to give a bundle isomorphism g, : Pylq, — Pi|g,, cov-
ering the diffeomorphism f; : 5 — Q;. Thus, 0151 = f;yo1, on ;. We
define the smooth connected-sum bundle P —+ X with second Chern
class ¢;(P) = k = ko + k1 by setting P|x; = Po|x; and P|x; = Py|x:.
Note that the bundle P is defined by transition functions independent
of the scale ;. We define a smooth connection A' = Aj#A; on P = X
by setting A’ = A} on each summand X].

If I'4, are the isotropy groups of the connections A;, and I' = I'4, x
T'4,, then we recall that the gluing construction gives a bijection be-
tween the gauge equivalence classes [A'(p1)] in Bxj and Gl /T
[7 (p. 286)].

Using the diffeomorphism f; : B] — Xj, we pull back the bundle
P over X to a bundle P over X,, given by Plxé = Po|x; and 15|B:1 =
1P| B;,- We have an induced system of local sections of PI B, given
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near z; by 61, = ffoy, : By = P, 615 = froy, : B\ {z:} — P,
and 6; = o1 @ (N —13\Y ? 00) = P. The corresponding transition
functions 4; = f{u; : B} \ {0} — G and p; : ©; — G are determined
by 615 = 61,8 on Bj \ {zo} and 0,5, = f;61, on .

On the pull-back bundle P — X, we define the corresponding smooth
pull-back connection A’ by setting A’ = Al on P| x; and A = frA,
on 15[ B, We obtain local connection 1-forms for A’ over Xy given
by &:,A" = fror, Al on the ball B, 6;A' = orA) on the annulus
Q1 (N72M\?, 00), and 63, A" = o7, A, on the punctured ball B\ {z;}.

On the annulus Q, we have 67,4’ = 0t A’ = 0, and since

(3.14) 61,A = prtor Agpy + pridpy on

we see that dp, = 0 on ©; and so g, is constant on €2;. The transition
function @, on B; \ {zo} is independent of A;, since u; on X1\ {15, Z15}
is constant along geodesics connecting the north and south poles. Thus,
the bundle P is defined by transition functions which are constant with
respect to Aj.

We now generalise the preceding discussion to give a construction of
approximately anti-self-dual connections over multiple connected sums.
The description we give here is closely related to Taubes’ iterated gluing
construction [23 (§4)]. The construction parallels the description of the
ends of the bubble tree compactification My, «(go) described in Chap-
ter 4.

It is convenient at this point to introduce some terminology. Let

I = {i1,...,1,) denote a multi-index of positive integers. The length of I
is r; we regard 0 as a multi-index of length zero. Given I = (i1, ...,%,),
we let I_ = (41,...,%,_1); we will often denote a multi-index of the
form (iy,...,%4+1) by I, or if we wish to be more specific, by Ij, where

J = i,41 > 0 or s,n (indicating north or south poles of S%), with a
slight abuse of notation. Let Z be an oriented tree with a finite set of
vertices {I}, including a base vertex 0, and a set of edges {(I,I;)}. If
I = (iy,...,%,) and I = (§1,...,5:), then we say I < J if r < ¢t and
J= (1,8 Jr+1,---,Js).- The valence of each vertex I is the number
of edges emanating from that vertex. The height of the tree 7 is the
number of levels — the length of the longest multi-index minus one.
With respect to a given vertex I, the edge (I_,I) is called incoming,
and the edge (I,1,) outgoing.
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The construction of a C*°, approximately g-anti-self-dual connection
A’ of second Chern class k > 1, associated with a tree Z, requires the
following data:

Data 3.6. Gluing data for approzimately anti-self-dual connections.

(1) To each vertex I, we associate a gr-anti-self-dual connection A;
on a G bundle P; — X; with c;(P;) = k;y > 0. If I = 0, then
X is the base four-manifold with metric gy, while if I > 0, then
X; = S* with its standard round metric g; = g, of radius 1.

(2) To each edge (I_,I), we associate the data (br, \r, pr, Ty, vr) given
by the

(i) Connection cutoff parameter b;.
(ii) Scale parameter A;.
(iii) Bundle gluing parameter p; € Gl,,, where Gl,, =
HOIII(PI_ |znPI mI.s)'
(iv) Centre or gluing site z; € X _.
(v) Frame v; € FX,l|,, if I_ =0.

(3) Constants by, do, Ag, N.

For convenience, if I, = Is, we denote b;, = by, A;, = A, Ny, = N,
and p;, = pr. We let xp,, z;, denote the north and south poles of the
spheres X; = S* If I_ > 0, then z; = ¢;_,(g;) € X;, where ¢; € R*.
Define

(3.15) b=maxb; and X = max);.
Iet 1€t
The gluing data should satisfy the following constraints:
Condition 3.7. Gluing data constraints.
(1) Scales: 4NAY? < by < min{l,00,do}, 4 < No < N, and 0 <
Ar < Ao

(2) Separation of centres: Suppose zr,z; € X;_.

(i) IfI_ =0, then dist, (zr,zp) > 4(b; + bp).
(ll) IfI_> 0, then |q1 — qpl > 4(b[ +bp).

(3) Topology: >.,;czkr =k and k; > 0 for some I > 0.

Remark 3.8. Definition 3.6, together with the constraints of Con-
dition 3.7 should be compared with the definition of ‘bubble tree ideal’
connections in §4.3. The requirements on the scales and separation of
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centres are in place simply to ensure that the different gluing regions
do not interfere with one another.

The gluing procedure now generalises to give a C*° family of ap-
proximately g-anti-self-dual connections A’ = #c7 A} on a bundle P
over a multiple connected sum X = #:zX. First, consider the defi-
nition of coordinate charts, open balls, and annuli in X,. If I_ = 0, let
¢7' = exp,! : B(zr,00) — R* be a geodesic normal coordinate chart
defined by a point v; in the oriented frame bundle fibre F Xy|,,. Let
B((r) = B(zs,r) be the open geodesic ball in X, with centre z; and
radius r.

Turning to the four-spheres X, for any I > 0, let ¢r, = ¢o, @ =
s,n be the standard inverse coordinate charts on X;. Define open
neighbourhoods in X; by

B, (r) = B(zs,7) = s {z € R 1 2| < 1}),
(3.16)
Br,(r) = Blzr,,7) = ¢ ({z €R* t jz —gr, | <7}).

Let Q(r,R) = Q(=1,7, R) be the open annulus B;(R) \ Br(r) centred
at z; € X;_, with inner radius r and outer radius E.

Define small balls B} = B(z;,NA\}Y?) and annuli Q; =
Q(z7, NAY?, NAY?) in X;_, T > 0. The open subset X} is the com-
plement in X;_of the balls B;(N ‘1)\}/ %), the open subset X! is the

complement in X;_ of the balls E;(%A}/ %), and the open subset X" is

the complement in X;_ of the balls B;(2NA}?).
We define identification maps f; by

(3'17) fI:¢InOCIO¢;1 :B} — X}?

where ¢y is the dilation z — z/A; on R*. The above maps ¢; are local
coordinate charts on X;_ given by

(3.18) ot = {e"p v HE=0

oy, if I_>0,
where 7; is the translation z — z — ¢; on R*. The charts ¢;' =
exp,! may be replaced by ;' = 7, o expy}, |ps| < 0o, if we wish to
compute derivatives with respect to the centres z; in X,. For notational
consistency, we let fy denote the identity map on Xj.
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Using the diffeomorphisms f; : Q; — Q;, we obtain a connected
sum X = # ez X;. We again defer to §3.5 for the precise definition of a
metric g on X closely approximating the metrics g; on the summands
X; and such that the maps f; : B} — X} are conformal. With this
choice of metric, the connected sum (X, g) is conformally equivalent to
(XO? gO) :

We have a local section o; of P;_ defined by a choice of point in the
fibre P;_|,, and A;_-parallel translation from z;; similarly, we have
local sections oy,, o5, of P; defined by a choice of points in the fibres
Pils,., Prle,, and Aj-parallel translation from zp,, ;.. These sections
provide local trivialisations P;_|3, (4) =~ Br(00) x G and Pr|x,\(z;,} =
X1\ {z1.} X G. Define C* cutoff functions 1; on each summand X;
by setting

(3.19) W1 = (12) W, [[(#1) 1, on X1,

Iy

where the factor (¢7})*1, is omitted when I = 0. Note that ¢y = 0 on
the balls By,(b;/2) and By, (by, /2) in X1 and smoothly extends by 1 on
the complement of the balls By,(b;) and By, (br,) in X;. Lastly, extend
each ¢r by zero to give a C™ cutoff function on the connected sum X.
Setting A, =1 A;_, A} = 1 A;, we obtain C* almost anti-self-dual
connections A} , A} which are flat on the balls B;(b;/2), Br,(br/2).

The gluing parameter p; provides an isomorphism of the fibres :
P; |, =~ Pi|,,,. Using the connections A;_, A;, this identification is
extended to give a bundle isomorphism gy : P;_|o, = Pilq,, covering
f1- By these identification maps we obtain a connected-sum G bundle
P — X with ¢;(P) = k and transition functions which are constant
with respect to the scales A;. The cutoff connections A} on P patch
together to give a C™ connection A’ on P. As before, the connection
A’ on the connected-sum bundle P over X pull back via the maps f;
to give a connection A’ on a bundle P over Xj.

Lastly, we record some estimates for the connections A’ when re-
stricted to a summand X}. For this and later purposes, we define the
following Sobolev norms: Let V9 denote the Levi-Civita connection
on T'X; defined by the metric gz, so that if f € C*°(X[), then

(3.20) £ 02z xron = DNV Fllzexrans

i=0
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for any 1 < p < oo and integer n > 0. Similarly, if o € QY(X;,ad P;),
then

(3'21) ”a“Lﬁ(XI,AI,gz) = Z ”(VAI,gl)ia”LP(thz)'
=0
It is important to note that these norms will depend only on a set of
fized connections, {A;} ez, and a set of fized metrics {gs}rez-
Recalling that A} = A, define one-forms a; € Q(X;,ad P;) by
setting Ay = A} + ar. Thus

ay = {(1 - ¢I)U;+A1 on BI+(bI+),
0 on XI\U1+ B1+(b1+).

With the aid of bounds for the derivatives of the cutoff functions 1 ;
for C =C(gy) and J=1_or I,

|d¢J|yJ < ijl on QJ(bJ/2a bJ)s
ldwsllzacxs,0,) < C.

Standard arguments then give the following estimates.
Lemma 3.9. Let 1 < p < oco. Then there exists a constant C =

C(Ar, g91,p) such that
A 4 1
(a) |lar||lze=(x;.41) < Cb and |lar||pr(x;,9,) < Cb /ot ,

(8) NF(A) i xrrar) < C and [F491 (A 1oxs 00 < CB.

3.4. Approximate gluing maps. Adopting a more global per-
spective, the construction of §3.3 yields a family of ‘approximate gluing
maps’, J' : T/I' = Bk, and J:T/T = B, .r» which we describe
in this section. We first recall that the standard Kuranishi models
give the required parametrisations for neighbourhoods of points [A/]
in Mx, x,(g9r). Let A; be a gr-anti-self-dual connection over X, with
isotropy group I'4, and H5 = 0. For a small enough open neighbour-
hood Ty, of 0 € H},, we have smooth I'4,-equivariant maps

(3.22)

(323) oy :TAI —3 ker d*A’fI C QI(XI,ad P])

solving the g;-anti-self-dual equation F™9 (A; + ar(t;)) =0, t; € Thy,.
Setting A;(t;) = Ar + as(t;), we obtain a homeomorphism

(324) '191 : TAI/FAI e UA” iy —> [Aj(tj)],
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onto an open neighbourhood Uy, of [A[] € My, x,. If Ay is the product
connection, @, then I'y, = SU(2) and so Hy, # 0, while H;, = 0. If
Ap is a non-trivial reducible connection, then I'y, = S* and HY, # 0;
we have a homeomorphism ¢ : Ty, /T 4, — Uy, and a diffeomorphism
9r 2 (Ta, \ {0})/T 4, = Uga, \ [Af). Finally, if A; is irreducible, then
Iy, = (x1) and HY, = 0; in this case we have a diffeomorphism
Iy TA;/FAI - UA;-

We now dispose of the construction of neighbourhoods of reducible
connections in My, r(go). Recall that the reducible connections in
Myx, 1(90) are in one-to-one correspondence with pairs {Zc}, where
c € H*(X,,Z) satisfies c> = k. In particular, there are only finitely
many and so to describe a neighbourhood of any such reducible con-
nection [A] € Mx, x(go), we may employ the Kuranishi model 94 :
TA/FA — UA.

We now describe the approximate gluing maps J’ and J', beginning
with the parameter spaces 7/T. First, with the centres {z} and scales
{Ar} beld fixed, the parameter spaces T4, and Gl,, combine to give a
C* manifold

(3.25) T'=Ta, x [ (Tu, x GL,),

Icl

parametrising a ‘small’ family of approximately anti-self-dual connec-
tions. Then

(3.26) T'=Ty4, x [] T4
Iez

acts freely on T and T'/T' is a C* manifold. If we allow the centres,
now denoted y;, to move over disjoint balls B(z,,79) C X;_ and allow
the scales A to vary in the interval (0, Aq), the parameter space of Eq.
(3.25) is augmented to give a C° manifold

(3.27) T =Ta, x [[ (Ta, x Gls; xB(z1,70) X (0, X)),

Iez

parametrising a ‘large’ family of approximately g-anti-self-dual connec-
tions. Again, I’ acts freely on 7, and 7/T is a C* manifold. We fix
local trivialisations of the frame bundle FX, over the balls B(zr, 7o),
and these provide smooth families of geodesic normal coordinate charts
on XO-
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We note that the almost anti-self-dual connections A’ produced by
§3.3 are indeed irreducible:

Lemma 3.10. Let A’ be a connection on the G bundle P over X
defined by Data 3.6 and Condition 3.7. Then A’ is irreducible, that is,
HY, =0, for small enough by and large enough Ny.

The Lemma follows from Aronszajn’s unique continuation principle
for solutions to A 4.1 = 0 via standard methods, so the proof is omitted.
Hence, the approximate gluing construction of §3.3 gives a C* map

(3.28) J Tt — By t — [A'(2)],

where B% , has the structure of an L2 Hilbert manifold, n > 3. More-
over, J' is a C'* submersion onto its image; see §5.2. We refer to J'
as an approzimate gluing map over X and its image U’ C B ; as an
approzimate gluing neighbourhood.

The dimension of the parameter space 7 /I is given by

(3.29) dim 7 /T
= dim H}, — dim HY + > (dim H}, — dim H} +8),
1>0
since each factor Gl;, x B(z1,70) X (0, Ag) has dimension 8, dim Hj} =
dimT',,, and H3, = 0 for all I > 0 by hypothesis. Families of centred
gr-anti-self-dual connections A; € MY, (gr) are parametrised by small
balls Tﬁl, and thus we obtain a C'*™ parameter space

(3.30)  T°=Ty, x [[ (T4, x G, xB(z1,70) % (0, X)) ,
rer

with C* quotient 7°/T" of dimension equal to dim Mx x(g). The map
J': T°/T = Bk, is a C* embedding; see §5.2.

Lastly, using the conformal diffeomorphisms f;, the bundle P over
X pulls back to a bundle P over X,. The gluing construction now pro-
duces an approximately go-anti-self-dual connection A’ in B%, - The
map J' of Eq. (3.28) pulls back to a C* map

(3.31) J:TIT — By,  tr— A1)

Again, J' is a C* submersion onto its image and is a C*° embedding
when the parameter space 7 /T is replaced by the smaller parameter
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space T°/T’; see §5.2. As before, the image V' of J' in B, x is called
an approximate gluing neighbourhood.

3.5. Metrics on connected sums. In this section we define a
conformal structure [g] on the connected sum X = #;czX;. This is ac-
complished by replacing the standard round metric g; on each spherical
summand X; by a quasi-conformally equivalent metric g; so that the
identification maps f; : B — X are conformal. We then construct
a C* metric g on X in the conformal class [g] = [go] and compare
the resulting L? norms for the different possible metrics on each sum-
mand X;. Our construction is modelled on the constructions of Don-
aldson and Taubes for metrics on connected sums — see [3 (p. 322)],
[7 (p. 293)], and [24]. The metric g depends on the choice of fixed base
metric gy, fixed neck width parameter IV, scales A;, centres z;, and
frames v;. We also obtain bounds for the derivatives of g with respect
to A I and z I-

With respect to a geodesic normal coordinate system z = ¢;;' on
B;, (g0) C Xo, the covariant components of g, satisfy
* a(¢:‘1g ) v
(65,90)uv(0) = 6, and  ——=2(0) =0,
(3.32) l(d’;go)uu - 5u,,|(:L‘) < clx|2 and
a(¢r v
K] ) < lal,  Jal < aur2,

for some constant ¢ = c(gy). The analogous relations hold for the
contravariant components of g;. We now define a conformal structure
[g] on X:

Definition 3.11. The conformal structure [g] on X is defined by
the C*° metric go on X/, and a choice of C* metric §; on each summand
X}, I >0, given by

h?(x)(d);gO)uu()‘Ix) if I_ = 0,

($5nr) (%) = {hf(:c)hfz(/\ﬂ +aq)($791 )w (Arz) i I >0,

where |z| < N )\1'1/ ®. For convenience, we let g; = g; denote the stan-
dard metric on X; and let g, = go denote the metric on Xj.
Definition 3.11 provides the following expression for g;:

(3:33)  (Fndn)u () = h2(2) (85, 90)wr (y(2)), |2] < NALY?,
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where

y(z) = ¢;; o -0 fit o drn(2)
(3.34) =\ (Aiﬂ-z (- o (A,_ Az +q) +ar.) ) + i)

The map f; : B =+ X} is now conformal with respect to the metrics
gr_ on By C X; and gr on X}:

ARz /A1) (6580) o (2) if I_=0,

(G1f790) (@) = {)\I_zhf(m/)\l)hl_Q(m+qf)(ﬁb}gf_)uu(m) if I.>0,

where |z| < N )\1/ ?. Thus, f1ar is conformally equivalent to the metric
g7_ on Q7 and so we obtain a conformal structure [g] on X = #,c7.X].

We must verify that. g; is a good approximation to the standard
round metric g7y on X; for small A;,.

Lemma 3.12. For any I > 0, the metric g; converges to g; in C*
on compact subsets of X; \ {z1s} as A;; = 0. Moreover, we have the
following bounds:

(a) For any integer | > 0, there is a constant ¢ = c¢(go,!) such that

al(¢; gI)uV 8l(¢} gl)uv 2 2 —1/2
= - n < ; N .
dxror ... G Orer...0zx | — cN )\7'1 hl (.’L‘), |.’L‘l < )‘

The analogous bounds hold for the contravariant components
(¢3,.91)", provided h2(z) is replaced by hi*(z).

(b) Let x5, denote the Hodge star operator for gr. Then there is a
constant ¢ = c¢(go) such that

”*g;g_*gIC”Lw(X},g,) < CNz)‘h”g“Lw(X},gz)a S Qz(X}aa'dPI)'

Proof. (a) This follows easily from Eq. (3.32) and Definition 3.11.
(b) This follows immediately from (a) and the definition of the Hodge
star operator.

We will also require bounds for the derivatives of g; with respect to
the scales A; and centres z;. The following estimates will suffice for
our application.



GEOMETRY OF THE ENDS OF THE MODULI SPACE 491

Lemma 3.13. If0 < I < J, there is a constant ¢ = c(go,J) such
that the following bounds hold:
(a) For any |z| < NX;'?,

(ch;, W3 (z) if 1<J
and |I| =1,
cA? hi(x) if I<J
L and |J| > 2,
‘ﬁw (z) < ¢ cN2hi(x) if I=J
and |J| =1,
cXl, |z|hi(z)
<eNXZAVPR3(z) i I=J
L and |J| > 2.

(b) 1If 8/0pr = p§0/0qs, then for any |z| < N2,

’3(¢3n§J)uu

< eNAPh2(z)  if T=J and |J] =1,
Opr

- {c/\flhf(z) ifI<J and|J|>2.

The analogous bounds in (a) and (b) hold for the contravariant
components of Gy, if h3(x) is replaced by hi*(z).
(c) For any ¢ € Q*(X),ad Py), then

NP xy gy if T=J

O
a/\g’ < and |J| > 2,
1 pe(x
L= (Xer) chHCHLw(X:J,gJ) otherwise,
O%; 2
52 < eNA Il 00)-
Pr o llLe(x!.95)

Proof.  (a) The inequalities follow from Eq. (3.32) and Defini-
tion 3.11.

(b) The proof is similar. When |I| = 1, we recall that the normal
geodesic chart ¢;, = exp,, Iis replaced by ¢;, = €Xp,,, OTg, in order
to compute the required derivative at ¢;; = 0 (corresponding to z;, =
¢:,(0)). The estimates follow immediately from (a) and (b).

We next define an honest C* metric g on X. Consider a neck {1y =

71(8,) labelled by the multi-index I. We replace the metric gr_
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on the annulus {2; and replace the metric §; on the annulus Q;, by
conformally equivalent metrics m;_g;_ and m;§r so that

(3.35) mr_gr. = fi(migr) on Q.

Hence, the metrics m; g;  and m;g; agree on the neck and patch
together to give a C* metric, say g, on a neighbourhood of the neck
in the connected sum X; #X;. On the annulus Q; = ¢;({z € R* :
N2 <] < NX}/?}) we have
(3.36)

. ox = AX2(A2 + |z|%) 2 (Pt go) uu (T if I_ =0,
($3£731) () = { i +lal G (E) .

AN (A7 + [2) 2R (2 + ar)($791_ ) uw(z) 1> 0.

By comparing f;gr and g;_ on €, a little experimentation reveals that
the C* conformal factors m; and m; can be chosen so that

k! <m;_. <kN* on QI(N_I/\}/zaN/\}/Z)a
(3.37) kl<m <k on Q(AN/2 NAYY),
my =1 on Q(2A\2 AN/,

and likewise for m; on Q,, and some constant k = x(gy). For each
summand X, we smoothly extend the m; to X; by setting m; = 1
away from the neck regions. This gives a C* metric g on X = #7e7X;
by setting

(3.38) g=mig; onX;, foralllel.
The construction ensures that each m; obeys

(3.39)
k' <my<kN'on X;, k' <m; <k onXj, and

mr=1 on X.

Thus, the metrics g; and g are equivalent on X with constants inde-
pendent of N, and equivalent over X; with constants now depending
on N.

The Hodge star operator *, : Q*(X,ad P) = Q*(X,ad P) only de-
pends on the conformal class [g] of g and so over each summand X; of
X we have x; = %5, = %5, . From Lemma 3.13, we obtain:
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Lemma 3.14. There is a constant ¢ = c¢(go) such that for any
¢ € Q*(X,ad P), we have
(@) |1(3%5/ON)Cl| Lo (x.5) < ENAT?[IC ]| Lo .0

(6) 11(8%4/8pr)¢lize(x.9) < eN N2 (Cll o= (x,9)-

We will often need to compare L? norms defined by the different
metrics gy, §r, and g over X; C X. The required ‘comparison estimates’
given below follow in a straightforward way from Lemma 3.12 and Eq.
(3.39), and similar inequalities may be found in [7 (p. 294)].

Lemma 3.15. For any I > 0, the following holds.

(a) If2<p<o0andd <q< oo, there is a constant ¢ = ¢(go, k, p, q),
1 < ¢ < 00, such that for any w € QY(X;,ad P;) and ¢ €
0%(X},ad P;), we have

lwllzexs.0) < ellwllex: on and {[CllLe(x1.9) < cliCllze(x.0r)
lwllzaxy.on < e Hwllpexyg and [ICllexr.on < ¢ HICHLr(xr0)-

(b) If 1 < p < oo, n >1, and by is sufficiently small, there is a
constant ¢ = ¢(go, k,n,N,p), 1 < ¢ < o0, such that for any
a € Q(X;,ad Pr), we have

¢ edlzexson < llelleexi g, Nellirxg < cllellexgn-

Lastly, having defined the conformal structure [g] of X, we apply the
estimates for di; in Eq. (3.22), the estimates for A; and F*97(A}) in
Lemma 3.9, and the estimates for *, — %, in Lemma 3.12 to obtain a
bound for the LP-norm of the g-self-dual curvature F*9(A') = 2(1 +
*,)F(A') of the connection A’ on the connected sum bundle P over X.
Similar estimates have been given by Taubes and Donaldson.

Proposition 3.16. For 1 < p < oo and sufficently small by, there

exists a constant C = C(go,p,T) such that for any t € T one has

4
1F9(A) 1o (x,0) < CB"

3.6. Estimates over connected sums and conformal vector
fields. The goal of this section is to obtain L? estimates for the
derivatives with respect to the scales A; and centres z; of ad P-valued
one-forms @ over the base manifold X, obtained by pulling back ad P-
valued one-forms w over the connected sum X.

Following Taubes [22], [23], let us begin by defining some useful
Sobolev norms on 2! (S* ad P) and examine their behaviour under con-
formal diffeomorphisms. Suppose A is a C* connection on a G bundle
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P over S%. Let g, be the standard round metric on S* and let § be
the flat metric on S*\ {s} obtained via the conformal identification
&t 2 S\ {s} = R*. Let V49 denote the covariant derivative on
Q!(S% ad P) defined by the connection A and metric g;, while V4
denotes the covariant derivative on T*(S*\ {s}) ® ad P defined by A
and 4. Define an L? norm on Q!(S% ad P) by

(3.40) wllz2sta0) = w2t + 1V WllL2(54,01)-
Similarly, if w has compact support in S*\ {s}, define

(3.41) wla = IV 02,
[wlizzs4,a,6) = llwllzzsas) + IV A0 3(51,6)-

The properties of | - |4 and || - [[z2(s4,4,6) are described by the following
result of [22]. Recall that C = Dx T x SO(4) is identified, using
én : R* = S*\ {s}, with the subgroup of conformal diffeomorphisms of
(S%, g1) which fix the south pole.

Lemma 3.17. [22 (Proposition 2.4)] Given an L? connection A on
a G bundle P over S*, then the following holds:
(a) |-|a extends to a continuous norm on LiQ(S* ad P).
(b) The norm |- |4 is C-invariant: for any f € C, |f*w
(c) There ezists a constant 1 < z < oo, which is independent of P,

A, f, and w € Q'(S* ad P), such that

f*A = |w]_A.

27 wllzzs,4,00) < lwla < zllwllzzss,4,60),
27 wllLa(ss,a,0) < llwllzzssas < 2llwllzzsea.e)-

Lemma 3.18. [23 (Lemma 3.1)] Let A be a C* connection on a
G bundle P over S* with its standard metric g, and let f : S* — S*
be a conformal diffeomorphism. Then there exists a constant 1 < z <
00, which is independent of P, A, f, and w € Q'(S* ad P), with the
following significance:

27 wllz2(s9,4,00) < N wllLa(st s a,00) < 2lwllza(s4,.4,90)-

Recall that ¢, denotes both the dilation z — z/A of R* and the
conformal diffeomorphism of (S%, ¢g;) induced by ¢,. A straightfor-
ward application of Hélder’s inequality yields the following ‘transfer
estimates’ for the maps c,.
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Lemma 3.19. Let2<p <p, <4 andlet X € (0,1]. Let U be an
open subset of S*\ B(s, NA\Y/?) and let P be a G bundle over S*. Then
there is a constant C = C(N) such that the following holds.

(a) Ifwe Q' (U,ad P), then

16500 2o ez @0y < CNP2/P o1 0,00

(b) If{ € Q*(U,ad P), then ||C§C||L2(c;1(U),gl) < Cll¢llz2w gy -

We next consider the action of the conformal group on !(S4, ad P).
Let fy, denote the lift to S* via the chart ¢,, of the conformal dif-
feomorphism ¢y o 7, on R*. Let P be a G bundle over S* and suppose
w € Q!(S* ad P). Then Eq. (3.8) gives

Bf,’\"‘qw
o

Bf;f,qw

(3.42) .

1., 1.,
= —Xf/\,qﬁrw and = —Xf)\,qﬁpw,
where 9/0p = p#0/0¢*. Tt will be convenient to express the above Lie
derivatives in terms of covariant derivatives. If A is a C°° connection
on P, then Egs. (3.6) and (3.7) imply that

(3.43) Lrw=w+VHy and Low= Vﬁ";w.

This leads to the following estimates for the derivatives of f} jw with
respect to A and q.

Lemma 3.20. Let A be a C™ connection on a G bundle P over S,
let U C S*\ B(s, NA/2) be an open subset, w € Q*(U,ad P), where w
has compact support in U, and 0/0p = p*0/dq*, |p| < 1. Then there
is a constant C = C(q, N) such that the following bounds hold.

(a) 10534/ zo(sz @y.0 < OV 0l 20005

(b) ”af;,qw/ap”L2(f;2(U),gl) < Cllwllzzw,4,01)-
Proof.  (a) Observe that U = ¢,(B(0, NA='/?)) and fy,(U) =
#n(B(g, NA1/?)). From Eqgs. (3.42) and (3.43), we have

9f3,w 1 g
aAq = "—)\ lf)\,qﬁrw,

Iaglxw = f):;*r_Jf}f,qVA“;w-i— frq,w on f):;(U),

where r = y*0/0y* and f):;,*r = z#J/0z* with respect to the coordi-
nates y = ¢;! on U and z = 7,0 ¢;* on fis(U). Since |f5;.rls <
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CX/? on f51(U), Lemma 3.19 implies

||f;,q£l'w”L2(f;,;(U),g1) < “f;,qwllﬂ(f;f,(U):gl)
+ CAI/z||f§,qVA’6w||L2(f;;(U),91)
< CXY3|wllpaw,gr) + CA2 VA0l L2y
= OX'||wll 24,5,

the last step following by conformal invariance. Lemma 3.17 then gives
(a).
(b) From Egs. (3.42) and (3.43), we have
Of% qw
Opr

where p = p#8/0y* on U and f;,.p = A\p*d/0z* on f,\“;(U) Since
|fraxPley < CAon f5:(U), Lemma 3.19 yields

= —)‘_lf:,q‘cpw a'nd f:,q‘cpw zf):;,*p—‘f:,qVA’dw on f)\_,;(U)?

13 0 Lowll 2wy ,00 < CAIER VY 0lla g5 ),00)
< OVl 2,5 < CAwllz2w,a.6)-

Hence (b) follows from Lemma 3.17.

We will frequently need to compute estimates for families of one-
forms w over connected sums X, and to this end, it will be useful to
define suitable Sobolev norms which depend only on the fixed connec-
tions A; and, in particular, the fixed metrics gr on each summand X;
rather than varying metric ¢ on X. Let P be the G bundle over the
connected sum X = #;.7X; defined in §3.3. Then we may view any
w € Q'(X,ad P) as a collection of wy € Q' (X}, ad Pr) which agree over
the necks Q; = f;'(Q;,) connecting each pair X;_ and X;:

0’;0.11__ = Ad(pfl)f}*a;swf on {2,

where fr: Qp — Qj, is the identification map.

From §3.5, we recall that there is a '™ metric g on X which agrees,
modulo the conformal factors mj;, with the metrics g, on the base
X} and gy ~ g, on the four-spheres X;. Moreover, the L? norms on
QY (X},ad Pr), 4 < g < 0o, and L? norms on 2%(X},ad P;), 2 < p < oo,
compare uniformly when defined with the metrics gy, gr, or ¢ = mygr on
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X;. The constants involved in these norm comparisons are independent
of the scale parameters A; for forms supported on X; and independent
of both the A; and N for forms supported on Xj. Thus, we may
conveniently define L? norms on Q'(X,ad P), 4 < ¢ < o0, and L?
norms on 2?(X,ad P), 2 < p < 00, using the metric g on X.

In Chapter 5, we will need to bound the L? norms of solutions
w € QYX,ad P) to the g-anti-self-dual equation F*©9(A' + w) = 0
over X. Unfortunately, since the conformal factors m; have badly
behaved derivatives over the neck regions, the norm comparisons de-
scribed above do not hold for L? Sobolev norms if n > 1. Of course,
problems of this type are encountered in [3], [7], and [24]. So, given
such an w € Q' X, ad P), with w = {w;}1¢z as above, and 1 < p < oo,
we define

(3.44) lwll ey = D Nlwrllze xe,ar.00s

Iez
by analogy with Eq. (6.25) in [24].

Recall that a one-form w € Q'(X,ad P) pulls back to a one-form
w € Q'(X,,ad P) defined by

(3.45) O=fr--fiw on fyt--- f7HXYS) C Xo,

for each J € Z. We will need estimates for the derivatives of @ with
respect to the scales A; and centres z;. To begin, we need suitable
expressions for these derivatives:
Lemma 3.21. Let w € QYX},adP;), 0 < I < J, and 0/0p; =
p‘;a/aq, Then:
(a) a,\lfo f_]w:fgf;'(%%,fOTJ<I,
(b) a,\lfo o ffo= AT e fiLaw, for =1
(C) 5/\1f0 f;w = _Al_lfgf;‘Crf;+ f;w7 fOT‘ J > I;
(@) s=f5- - frw=[f5 fi5%, for J<I;
(e) szfo e fiw ==X fiLpw, for J =I;
() == s o fiw= AT 1 Lofi, - fiw, for J> 1.
Remark 3.22. When I_ = 0, then 9/9p; = p7d/dp; and fr =

binocro@rt is replaced by f; = ¢rn0cr07,, 0p7rt in order to compute
the derivative at p; = 0.
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These expressions lead to the following bounds for the derivatives
with respect to the scales A; and centres z; of the pull-backs f; - - - fjw.

Lemma 3.23. Let w € Q1(X},ad P;), where w has compact support
in X5, U= fylo---of (X;) C Xo,0<I<J, and 8/0p; = py8/q}
with |pr] < 1. Then there is a constant C = C(go, N) such that the
following hold.

((1) BAIfO f} ,fOTJ<I,'

L2(U, go) - ” OAr

L2(X_/]:9J)
* —1 .
(®) BA’ o fi o fiw L?(U,g0) <O & lwllzzxy, 45,000, for J 2 I;
2 gx. . pr ,
(&) o s 139 oy < N8 oy For 7 <1
(d) a—f,;fg e fiw L2(Uge) = < Cllwllezxy, 45,95, for J = 1.

Proof. (a) By repeatedly applying Lemma 3.19, we find that

25

W
——r C“
fo fJa,\, L2(Ug0) A\

3
L2(U,g0) L2(X 297)

as required for (a). For J = T and U = f;'o---0 ffY(X}) C Xo,
Lemmas 3.19 and 3.20 show that

0 . Offw
|55, g 11
8 L2(U,go) I 1L2(U,g0)
Offw
<C
OAr Nlragsr (xp)00)

—-1/2
<oxY lwllzz(x:,Ar,0)-

Let szﬁlo---ofjl(Xf,) C Xj,sothat U = filo---o fiH(V) C Xo.
Then for J > I, we have

* * a * *
fO"'fI_a—AIfI"'wa

<C|arfifi, 30

- frw

” 3>\1 L2(U,g0) L2(U,go)

) L2(f7YN(V),01_)
—1/2 * *

SO UL o Fwlliavsy, 134000
< C”(‘)“Lf(X'J,AJ,QJ)’

by repeatedly applying Lemma 3.18 in the last step. This gives (b);
the proofs of (c) and (d) are similar.
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Finally, we obtain our estimate for the derivatives of & with respect
to the scales A; and centres z;.

Proposition 3.24. There is a constant C = (go, T) such that for
any w € Q1(X,ad P) and t € T, the following bounds hold.
(@) N100/0A112(x0,90) < C100/ O3 (x,0) + AT @]l c2x))5
(8) 0@/ 0p1llL2(x0,00) < Cl0w/FprllL2(x,0) + llwllc23))-

Proof. By Lemma 3.23 we have

<C 0w

L2(Xo ,g0) oy | 22VE FETSRRN
—-1/2
+OM2 Y Nwllz2exs .05

J>I

|5

and so (a) follows from Lemma 3.15. Similarly, Lemma 3.23 gives

Ow
<C3. |5

L2(Xo,90) <t WOPI liL2(xY 95)
+C Z ”w”Lf(X’J,AJ,gJ)’

J>I

“ Opr

and likewise, (b) follows from Lemma 3.15.

3.7. Derivatives with respect to scales and centres. We
obtain L estimates for the derivatives of the connections A' and A’
and of the g-self-dual curvature F™9(A’) with respect to the scales A;
and centres x.

Throughout this section we require that b; = 4N /\3/ % for all J. Let
us first record the following bounds for the derivatives of the cutoff
functions ¢ for J =1_ or I:

(3.46)
Oy 1y— Odypy —2y—3/2
Ll <OoNL;? < Yl y
oy g,—C I e g,_CN Af on X7},
Oy < CN-A7Y2, ody, < CN72X;' on X},
Opr 97 Opr 97

where 8/9p; = pf8/8qy and |p;| < 1. The constant C depends only
on gy;. We now begin with the LP estimates for derivatives of the
connections A’.
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Proposition 3.25. Suppose 1 < p < oo and I > 0. Then for
sufficiently small Ay, there is a constant C = C(go,p,T) such that for
anyt €T,

(a) [10A /0N ||1e(xq) < CX/PTH2,

(b) [0A'[OpillLr(x.q) < CAY”.

Proof. (a) Observe that dA'/OA; is non-zero only on the supports
of 9p;_/0X; and 9y /DAy, given by the annuli Q;(1b;,b7) in X} and
QIs(%nybI) in X}

Step 1. Estimate of 0A'/OM; over X; . Recall that ;. = 1 on
the complement of the balls B;(b;) in X;_, while 0 < 9; < 1 on
Q(3br,br), and ;. = 0 on Br(3b;). We have 0jA’ = ¢;_0}A;_ on
Q;(3b;,br) and thus o} (0A'/OX;) = (O¢r_/OA1)oj A on X} . Since
|0¢1/8M1| < CA7* by Eq. (3.46) and |03 A; |, < CAY* on Q(Lby,by)
by Lemmas 3.1 and 3.3, we obtain the pointwise bound

o4
OAr

- CATY? on Qp(3br,by),
g1 10 on X}_\Q](%b[,b[).

Hence, we get the integral estimate

0A'
3.47 / l -
(3.47) ey

noting that g = g;_ on X;_\ B(3bs) and appealing to Lemma 3.12.
Step 2. Estimate of 0A'/ON\; over X;. A similar argument shows
that

(3.48) /X

and combining the integral bounds from Steps 1 and 2 gives (a). For
(b) we use the pointwise estimates |0 ;/0pr| < C)\I—l/2, J=1I_1I. The
same argument as in (a) then gives the required bound.

Our next task is to obtain a L estimates for the derivatives of the
g-self-dual curvature F9(A’').

Proposition 3.26. Suppose 1 < p < 4 and I > 0. Then for
sufficiently small Ao, there ezists a constant C = C(gy,p,T) such that
foranyte T,

(a) 1OF+9(A)/0Mllin(x.g) < CHYP,

P 2 2
dv, < O,

g

)4
dv, < CA[ ™7,

g

o
72N

’
I
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(6) NOF+9(A")/8pillurcx.q) < COFPT* + X77).

Proof. (a) We note that F™9(A') = F*37(3p;A;) on X! and so
OF+9(A')/0)A; is supported on Uy>; X5. It is convenient to obtain
estimates separately over the regions X; , X, and X/, J > I.

Step 1. Estimate of OFt9(A’)/0A; over X} . On the annulus
Q](%b[,b[) we have F+‘g(AI) = %(1 + a1 )F(wl_AI_) and

F(pr_Ar.) =% F(Ar) +dipr_ NotA;r_
+(W7 — 1 )ot Al NoTAL_.

Therefore, we see that

OF+9(A) 1 OF(1h;_Ar)
3F(’t,ba)\f11 ) ) %fpl ") gé\fp |
1 Ar)  oYr I_ .
x| oa AR o, Nordr
+(2¢1_ - 1) wf_ U;A]_ A O’;AI_ .

OA;
on X; . The metric gr_ is independent of A7, and so applying the
pointwise estimates of Lemmas 3.1, 3.3, and Eq. (3.46), we find that

< {C)\?l on Q](%b[,b[),

gr_ (0 on XI_ \Q](%b[,b[).

Consequently, we obtain

(3.49) /X

where we observe that g = gr_ on Q;(3b;,by).

Step 2. Estimate of OF™9(A')/0Ar over X;. We have FT9(A’) =
51+ #5,)F(rAr) and F(prAr) = $rF(Ar) + dpr A ofAr + (97 -
Yo}, Ar Ao A on X, Thus,

I OF+3(A)
ey

V4
av, < X2,

g

BF+9(A")
E3Y

'
I_

8F+’9(A’) _ 18*51 1 8F(’¢’IA1)
OF (A ) ) Do F(%Agdjpz(u*g’) orr
rAr)  OYr I .
B~ on LA+ G AoT AL

0
2~ D5y o7 Ar Ao Ay
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on X;. Applying the pointwise estimates of Lemmas 3.3, 3.12, 3.13,
and Eq. (3.46), we find that

1
omrala) 0 . on st(lgbz),
P, | (@ SO on Qn(3brby),

91 C|z| on X\ Bys(br)-

Now g = g; on X; \ Br,(3br), and so applying the above estimates and
Holder’s inequality gives

(3.50) /X

completing Step 2.
Step 3. Estimate of OFt9(A')/0A; over X}, J > I. We have

b4
dV, < CA7?,

g

OF+9(A")
B3y

1
I

OFT9(¢;A5) _ 10%
P 7 X!
BAI 9 8AI F(’(pJAJ) on Jo

since F9(A") = 2(1+ %5, )F(¢;A;). The pointwise estimates of Lem-
mas 3.9, 3.12, and 3.13 show that

. OF+t9(4A’ 0 on Bj(}bs),
97

I

Clz| on XJ\BJS(%bJ).

Again, g = §; on X; \ By,(3bs), and so

(3.51) /X

Combining the integral estimates of Steps 1 to 3 then gives (a).

(b) The argument is the same, except that we now use the cutoff
function estimates |0 /dp;| < C’)\I_l/z, |8dsps/Opr| < CAFY, T = 1,1,
and metric estimates |9§;/dp;r| < C’NXI/Z, J>1

Lastly, we have L? estimates of the derivatives of A’ with respect to
Ar and z;.

Proposition 3.27. Suppose I > 0. Then for sufficiently small Xq,
there is a constant C'= C(go, T) such that for any t € T,

(a) ||8AI/8)‘IHL2(X0,go) < O:

p
dv, < C.

g

OF+9(A")
B2y

I
J
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(b) ”aAI/apllle(Xo,yo) <C.
Proof. (a) The connection one-forms over X, having non-zero
derivatives with respect to A; are given by

A= fo-frvir AL over filto---o fri (X)) C Xo,
foo fr A, over X\ Br(N;7'AY?),

where A’I is the C* connection over X;, I > 0, defined by
o fi, - f3¥sA;  over the regions filo---o f7Y(X)) C X;
! WwrAj over the complement of these regions in Xj.

It is convenient to consider the estimates over these different regions of
X separately. A
Step 1. Estimate of Ofy--- ff ¥1_ Ar_/OA;. We have A’ =
f&-- fiabr_Aj_, which is supported on Uy = fg'o---0 fi (X} ) C Xo,
alrlld therefore %A’ = ffr %;1/11_ A; on U;. Lemma 3.19 implies
that

81/}1_ AI_

* * 8¢_A_
fomfl‘_a)\—f__ st Sl 54

OAr

<|

L2(U1,90) L2(X; ,91_)

We have o7y  A;_ = ¢;_o7A;_, where the section oy is chosen so that
o3 Ar_ is in radial gauge, and so the pointwise estimates of Lemmas
3.1, 3.3, and Eq. (3.46) yield

o1 Ar

O on Qu(3bi,b),
aAI 9r B

0 on XI_\BI(bI)-

Noting that g = gr_ on X;_ \ B;(b;), we obtain the integral bound

/ l OYr_Aj_ ?
x, | O\

g

dv, < O,

and combining the preceding integral estimates gives || 5%[1’” L2(Us,90) <
C)\}/ ?, completing Step 1.

Step 2. FEstimate of Ofy--- fiv1A;/0A;.  We denote A =
f& -+ frprAg, which is supported on Uy = f3'o---0 ff1(X}) C Xo,
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and so 3%[‘4’ = fo---fi %f}‘zﬁ,A; on U,. Repeated application of
Lemma 3.19 then gives the integral bound

e e OfT1A; Of 1A
forfr £}y < CH*“G—)\I—'

L2(Uz,90) L2(X; ,91_)

Recall that Eq. (3.9) implies 32— fferAr = A7 fiuF(srA;) on Bj.
The curvature F(v;Ay) is supported on X; \ By,(3bs), and %f}‘zﬁ,A;
is supported on Br(1N;1)\}/?). Then,

]

|$Tnte F (1 AL)ls, (z) < Ka’m’

and since ¢} ffu.F(Y141)(z) = A\ ¢}, F(¥rAr)(z/Ar), we obtain
2

. —14,1/2
@< FOpepp TN
o1 0 if |z| > LN7IAY?,

¢* af;’(pIAI
T oM

where K = ||F (41 A1)| 1 (x,,4;) is bounded by a constant C indepen-
dent of A\; by Lemma 3.9. But ¢ = §;_ on BI(%NI"I)\}/Z) c X7,
and moreover, the metrics §;_, g;_, and d;_ are equivalent over the
ball B;(: Ny 1)\}/2) | with constants depending at most on ;. Thus, we
obtain the integral estimate

/ ’a FrA
x; | O\

and so, combining these bounds, we have ||3;§Ifl’|| L2(Uz,90) < CAr, com-
pleting Step 2.

Step 3.  Estimate of 8fy---fiA;/0N;. We have A} =
fi, - fisAy over Vs = frlo---o frY (X)) C By, C Xy, withJ > I
We denote A’ = f; --- ff Ay and observe that ;2-A' = f5--- f1_ 2 f1 A}
over Uy = fy'o---0 fi'(V3) C Xy. Thus,

2
dV, < C),

g

oft A,
OAr

= A frF(AY) = =X\ f1uF(f7, - F3%sAs)
= —AI—lbf;frf; - [IF($sAg).



GEOMETRY OF THE ENDS OF THE MODULI SPACE 505

Note that dA}/8); is supported on fri(B;,) C By.

As r = y#0/0y* with respect to y = ¢7,r on X; \ {zs.}, we have
fr.lr = z#0/0z* with respect to z = ¢;' on By If Jyl < Rp on
By, , for some constant 0 < Ry < oo depending at most on z;, then
|z| < RoAs on fy'(Bj,). Thus, |f7;'r],,_ < Re);on f;(Bj,) and so
we have the pointwise bound

DA,

By | SR LPU on S,

Therefore, with the aid of repeated applications of Lemma 3.19, we
find that

[laA',

L2(Us,g0) O N g vy.00)

< Cnf; T f;F(AfI)”Lz(ffl(Va),gI_)
< CIF(AD)lz2(x),90)-

and since ||F(A)||z2(x;.4,) < C, this gives , E,UA’ L2 (Us.g0) < C, com-

pleting Step 3. Combining the results from Steps 1 to 3 then yields
(a). For (b) we use the cutoff function estimate |8t /0p;| < CA;'?,
J = I_,I. The vector field r is replaced by p = p7d/dy*, with re-
spect to the coordinates y = ¢;,. Then, f;,'p = A;phd/d8z* with
respect to the coordinates z = ¢;' and we have the vector field esti-
mate |f7,'p| < RoAr on fr*(Bi,). The required bound hence follows
by an argument similar to that of (a).

3.8. Derivatives with respect to bundle gluing parameters.
The purpose of this section is to obtain estimates for the derivatives
of the almost ASD connections A’ and A’ with respect to the bundle
gluing parameters p; € Gl;, I > 0. These estimates may be extracted
from [7 (§7.2)] and we include them here for completeness.

Since we wish to differentiate a family of connections A'(p;) on a
family of G-bundles P(p;) with respect to the gluing parameters p; €
Gl;, we first pull this family back to an equivalent family on a fized
bundle, say P(po;), as described in [7 (p. 296)]. Let pr € Gl be a given
gluing parameter; then points p; in a small neighbourhood of g; in Gl;
can be written in the form p = g; exp(v), where v € V; = ad Py|,,, ~ g.
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One regards the fibres of P;_ and P; as being identified by g; and so
v may be considered as a local section of both P;_ and P;, covariantly
constant with respect to the connections A} , Aj.

We digress in order to construct a set of cutoff functions {;} on X
such that } ;. ;v = 1. These cutoffs will be needed here and again in
§5.1 for patching together certain integral operators over the X; to give
an integral operator over X. Choose a bump function y € C*(R') such
that y(t) = 1 if ¢ > 2 and y(¢) = 0 if ¢ < 1. Define a cutoff function
72 € C*(R') by

(3-52) na(z) =v(al/XN?), s eR.
Now define C cutoff functions y; on each summand X; by setting

(3.53) vr=(81) (1 =) [165) v,  on X,

L

where the factor (¢7})*(1 — 7,,) is omitted when I = 0. Note that
71 = 0 on the balls By,(1A//*) and By, (22}/?) in X;. We extend 7
to a C® cutoff function on X; by zero on these balls and by 1 on the
complement of the larger balls By, (2A}/%) and B I+(2)\}i ?) in X;; then
extend by zero outside X7 C X to give y; € C*(X). By construction,
we have > ;.;vr = 1 on X, with a slight abuse of notation. Indeed,
note that f; maps the annulus Q;(3A7,2X;) around the point z; in X;_
onto the annulus Is(%)\], 2);) around the south pole z;, in X;. Thus,
fivr+7_ = 1 oneach annulus €2;. Lastly, note that there is a constant

C, depending at most on the metric gy, such that

(3.54)
- toiss
|dyilg, < C)\Il/2 on Qr,Qrs,  Ndvrllze(xs.e) < CA /p=1/ ’

for any 1 < p < oo. Define gauge transformations uy_(v) on Aut Py_| X}
and u;(v) on Aut P;|x; by setting

ur (v) = {exp('yﬂ)) on 1y,
- 1 on X; \ €y,
ur(v) = {exp(—fyf_v) on {,,
1 on X\ Q.

(3.55)
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Note that u; has a natural extension to a gauge transformation of P;
over all of X; — equal to exp(—v) on Br, (N 1>\}/ %), the ball enclosed
by the annulus €2;,. Similarly for the gauge transformation w;_. After
identifying the bundles and base manifolds over & = Q; = Q;,, we
have u;_u;' = exp((yr_ + 1)v) = exp(v). Hence, relative to the flat
connections A} , A}, the gauge transformations u; differ by a constant
bundle automorphism over €2, and so their action on the connection
A'(py) is the same: u; (A'(p1))|a = ur(A'(pr))]a. Therefore, while the
automorphisms u; do not patch together to give a global automorphism
of P(pr), their actions on the connection A’'(p;) do. Indeed, we can
define a connection A'(pr,v) on P(p;) by

u_ (A'(pr))  on Xp,

(3.56) Aprv) = {uI(A’(m)) on Xj.

If p; = prexp(v), the connections A'(pr,v) and A'(pr) are gauge equiv-
alent {7 (p. 296)]. Thus, as desired, we have an equivalent family of
connections A'(p;,v) on the fixed connected sum bundle P = P(p;).
Let L; € Gl; be a coordinate neighbourhood and suppose g; € L;.
Then

(3.57) ¢>B, — L;CGl, v — pr(v) = prexp(v)

is a coordinate chart centred at p;, where B, is the unit ball in g, and
there is a C*° embedding

(3.58) 90 By — Axp, v— A'(pr,v).

It remains to consider the derivative of the family A'(p;,v) with respect
to v.

Recall that if v = u(s) is a one-parameter family of gauge trans-
formations, B is a fixed connection, and B*(s) is the induced one-
parameter family of gauge transformed connections, then dB*/ds(0) =
dp. (u~14(0)), where u~lu(0) € Q°(X,ad P). Although the u;_ ,u;
are not globally defined gauge transformations, this differentiation for-
mula still applies to the one-parameter families u;_(s) = u;_(sv) and
ur(s) = us(sv). Therefore, we have

dAf ("yI’U) on X}_ N Q,

A" . d ., _ :

(3.59) 7-pr) = —A'(pr, sv)'s_o ={—da(yrv) onXiNQ,
0 on X \ Q.
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This leads to the following estimate for the derivative of the family
A'(p;) with respect to the gluing parameters p;; a related and more
general estimate is given by Lemma 7.2.49 in [7].

Proposition 3.28. Let 2 < p < 4 and suppose that 4 < g < oo 18
determined by 1/4+1/q = 1/p. Then there is a constant ¢ = ¢(go,p, T)
such that
(a) colAT? <O /vl paxgy < cHoATPT,

(b) o] ATPTE < |JOA [0vl|Lax,g) < VAT

Proof. Note that v;_+v; =1 on Q and so d 4 (y;v) = —da(y7_v) on
Q2. Moreover, d 4 (y1v) = dy;®v on £, and so we have ||d4 (7/v)||La(x,g)
= |v| - [ldV1{ze(x,9)- From Eq. (3.54) there is a constant ¢ > 0 indepen-
dent of A\; such that

0A’ _ -
Tl <,

q Vg

since ||0A' /0v||Le(x,9) = l|dar (71V)|lLe(x,g)- Then (a) follows since 2/g—
1/2 =2/p — 1, and likewise for (b).

Using the conformal maps f;, we pull back the family A’ = A'(5r, v)
on the fixed bundle P over X to a family A’'(5;,v) on the fixed bundle
P over Xo.

Proposition 3.29. If2 < p < 4, there is a constant C = C(go,p, T)
such that for any t € T, ||0A'/0v||Lr(x0.00) < CAYP=1/2,

Proof. Since 0A’'/dv = 0 outside the annulus Q;; C X, Proposi-
tion 3.28 gives

‘ LP(X},91)

But A’ = fo-ftAonU= folo---0 f1(X}) C Xo, and so Lemma
3.19 yields

0A'
ov

2/p—1/2
SC}\I/P /.

OA
Ov

oA
for fime

<Cl

L?(U,g0) Le(X}.91)

Combining these estimates gives the desired bound.

3.9. Derivatives with respect to lower moduli. In this section
we obtain L? estimates for the derivatives of the connections A’, A’,
and the self-dual curvature F*9(A’) with respect to the ‘lower mod-
uli parameters’ ¢;. The bundle P; carrying the family of connections
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{As(tr) }1;er,, can be assumed to be fixed with respect to the parame-
ters t € T, since the space T4, — an open ball in H}, centred at 0 —
is contractible. However, the local sections oy, (t;) are defined by the
connections A;(t;) (together a choice of point in Pyl;,,) and will vary
with ¢;. Thus, the bundle gluing maps for the connected sum bundle
P, defined by oy, (t1) = 01,501, (tr) (suppressing the identification map
fr: Q= Q,), will in general vary with ;. We may suppose that
the remaining parameters are fixed and thus we obtain a family of con-
nections A’(t;) on a family of bundles P(¢;). The difficulty, of course,
is that unless we have a family of connections defined on a fixed bundle,
we cannot define the derivative 9A'/Jt;. Problems such as these are
discussed in [4 (p. 423)]. For our purposes, we note the bundles are
all isomorphic and as T, is contractible, the connections A’(¢;) could
be pulled back by bundle isomorphisms h; € Hom(P(0), P(t;)) to an
equivalent family hjA'(t;) on the fized bundle P(0), and then we could
define

0A' _ onjA
ot; — Oty

(3.60)

Since any two such families h;(t;) of bundle isomorphisms would differ
by a family of automorphisms of the fixed bundle P(0), by using (3.60),
0A'[0t; would give a well-defined tangent vector to By, at [A'(t1)].
Naturally, the analogous remarks apply to the family of connections
A'(t;) on the bundles P(t;).

In our case, a family of isomorphisms h;(t1) : P;(0) — P;(¢;) may be
described quite explicitly, in a manner similar to that of §3.8, and these
will give a gauge equivalent family of connections h}A'(t;), htA’(t;) on
fixed bundles P(0), P(0) respectively, although just as in §3.8, the iso-
morphisms h;(t;) will not patch together to give a global isomorphism
of P(0) with P(t;) or P(0) with P(t;). Nonetheless Eq. (3.60) still
makes sense and this allows us to estimate the length of the tangent
vector A’ /dt; in terms of derivatives of the local connection one-forms,
as desired. Let h;(t;) : Pr(0) — Pr(t;) be a family of bundle isomor-
phisms represented locally by o, (0) — oy, (t)0r,(t;). Then hiA;(tr)
is an equivalent family on the fixed bundle P;(0), with

o1, (0)*hi(tr)” Ar(tr) = 61, (tr) "'or, (tr)* Ar ()01, (1)
401, (tr)"'dby, (t;).
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Note that while the local connection one-forms oy, (t;)*A;(t;) are in
radial gauge, this will not in general be the case for the one-forms
o1, (0)*hr(t;)*Ar(t;). We next consider the variation in the bundle
gluing maps gy, (t;) induced by the variation in oy, (t;) with ¢;. Over
X7, we replace 0z, (t;) above by 67, (t7) exp(yr, vi(t;)) and over X,
define h;(¢;) by right multiplication with exp(yyvr(ts)). Recalling the
notation of §3.8, vy : T4, — g is a smooth map with v(0) = 0 defined
(for small enough T4,) by the identity p;, (¢;) = pr, (0)exp(vr(ts)).
Lastly, for J # I,1,, we set h;(t;) = 1. Then, for the remainder of
this article, we require that the derivatives OA'/Otr be defined by (3.60).

This understood, we obtain the following estimates for the deriva-
tives with respect to the parameters ¢; of the connections A’ and A’ and
for the g-self-dual curvature F+9(A’). The proofs are straightforward,
following the pattern in §3.7, and so are omitted.

Proposition 3.30. Let 1 < p < co. For sufficiently small by, there
ezists a constant C = C(gq,p, T ) such that for any t €T,
(a) |1OA'/3t; — OAL/Bt;]|Lo(xy on) < CAYE,
(b) |10A"/0tr||r(x,9) < C.

Proposition 3.31. Let 1 < p < co. For sufficiently small by, there
is a constant C = C(go,p,T) such that for any t € T,

||3F+’9(A’)/8t1”u(x,g) < CN\2/P—1/2,

Proposition 3.32. For sufficiently smalAl by, there is a constant
C = C(go, N, T) such that for any t € T, ||0A'/0t1]|12(x0,90) < C.

Proof. Let U = fo' - fi'(X}) C X, and note that z-A' =
o 2 fx... frbrAr, which is equal to f3 - f}‘Ez/)IAI on U and is zero
elsewhere. Now

fooo g0

Oty

IprAr

<
_C' otr

L2(U,g0) L2(X},91)

by Lemma 3.19 and so the result follows.

3.10. Differentials of the approximate gluing maps. We
close this Chapter by summarising the results of the preceding sections
and record our bounds for the differentials of the approximate gluing
maps J' (which follow by combining Propositions 3.25, 3.30, and 3.28))
and J' (which follow by combining Propositions 3.27, 3.32, and 3.29).
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Theorem 3.33. Let J': T — B, be the approzimate gluing map

t > [A'(t)]. Assume by = AN;AY? for all I. Then for sufficiently small
Ao and any t € T, there 1s a constant C = C(go,T) such that the
following estimates hold.

(a) IDT(8/0tF)l120x,9) < C,
(6) IDT@/0p)llzzx.q) < CAY,
(c) DT (8/0z7)lr2(x.) < C,
(@) |IDI(8/0A1)llz2(xq) < C.
Theorem 3.34. Let J': T — B, , be the approzimate gluing map
t s [A'(t)]. Let by = AN for all 1. Then for sufficiently small Ao

and any t € T, there is a constant C = C(go, T ) such that the following
estimates hold.

(@) DI (8/8t3)L2(x0.40) < C
(6) 1DT(8/0p7)lIL2(Xo0.50) < CAY”,
(c) IDJ"(8/07%)|12(x0,50) < C,

(@) IDJ(8/0A1)L*xo0.90) < C-

1/2

4. Bubble tree compactification of the moduli space
of anti-self-dual connections

In order to describe the ends of the moduli space Mx, x(go) one cus-
tomarily appeals to the Uhlenbeck compactification M—;m +(go0). This al-
lows one to give quite explicit descriptions of the parts of the ends away
from the diagonals in the symmetric products Mx, x(go) % s'(Xo) ap-
pearing in the compactification, as for example in [3 (§V)] and [7 (§8.2)].
These examples consider ideal boundary points of the form
(Ao, Z1,...,2;), where the z; are distinct points with multiplicity 1,
and Ay is a go-anti-self-dual connection over X,. Open neighbour-
hoods of (Aq,;,...,2;) in M—;O,k(go) are then constructed by gluing
standard one-instantons onto Ag.

In order to construct open neighbourhoods of ideal boundary points
corresponding to the diagonals of M—;o,k (90) we must employ the iter-
ated gluing construction of Chapters 3 and 5. This strategy is men-
tioned briefly in [7 (§8.2)]. The construction gives a homeomorphism
J : T°/T =V, where V is an open neighbourhood of a boundary point
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in M}O,k(gg) — a ‘gluing neighbourhood’. In order to use this proce-
dure to describe the ends of M}o, (90), we need to show that mo, (90)
is covered by finitely many such gluing neighborhoods. In particular,
we need to show that any point in My, , (go) which is sufficiently close
to the ideal boundary (with respect to the Uhlenbeck topology) lies in
the image of a gluing map 7. This is accomplished in two steps:

Step 1. We show that any sequence { A, } of go-anti-self-dual connec-
tions over X, converging weakly to a limit (Ag, z;,...,Tn,) determines
a sequence of metrics {g, } and a sequence {4, } of g,-anti-self-dual con-
nections over a connected sum X = #;-7 X}, which converges strongly
to a limit (A7)rez, in the sense of [7 (§7.3)]. Here, (X, g,) is confor-
mally equivalent to (Xy, go) for all @, and is defined exactly as in §3.3
and §3.5.

Step 2. We apply an analogue of Theorem 7.3.2 [7] to show that the
new sequence {A,} is D,-convergent, ¢ > 4, in the sense of [7 (§7.3)].
The appropriate analogue of Theorem 7.2.62 [7] then shows that the
points [A,] € Mx x(g,) lie in the image of some 7 for sufficiently large
o. Consequently, the points [A,] € Mx, x(go) lie in the image of the
corresponding map J, for some parameter space 7°/I". The choice of
parameter space 7°/T is essentially determined by (A;)cz, which we
call the strong or bubble tree limit of the sequence {A,}. . In this
Chapter we discuss Step 1 and describe the bubble tree compactifi-
cation of the moduli space of anti-self-dual SU(2) connections — the
extension to the general case of compact, semi-simple Lie groups being
straightforward. Step 2 is discussed in §§5.1 and 5.2 after the necessary
analytical framework has been established. Throughout this Chapter,
we suppose only that X, is a closed, oriented, simply-connected C'*
four-manifold, g, is a C* metric, and G = SU(2).

4.1. Uhlenbeck compactification. We recall the definition of
the Uhlenbeck compactification [7] and describe some of the related
convergence results we will need for our description of the bubble tree
compactification.

Definition 4.1. An Uhlenbeck ideal gy-anti-self-dual connection on
a G bundle P over X, with ¢;(P) = k > 0 is a pair (A, Zy), where
Aj is a go-anti-self-dual connection on a G bundle P, over X, with
c2(Po) = ko > 0 and Zy = {z;}2% is a (possibly empty) set of points in
Xo with multiplicities k; > 1, for i = 1,...,m,, such that > -} k; = k.
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The curvature density of (Aq, Zp) is defined to be the Borel measure
(41) /J,(Ao, Z()) = ]F(A()) 30 + 871'2(520,

where 0z, = >0 kid,., so that the total mass of u(Ag, Zy) is 87%k.
Setting [ = k; + - -- + k,, and repeating points according to their mul-
tiplicity, one obtains an element (zy,...,z;) of the symmetric product
sH(Xo)-

Definition 4.2. Let {44}, be a sequence of go-anti-self-dual con-
nections on a G bundle P over X, with ¢;(P) = k > 0 and let (Ao, Zp)
be an ideal go-anti-self-dual connection on P. Then the sequence {A4,}
converges weakly to (Ao, Zo) if the following hold:

(a) The sequence {1, }22; converges to p(Ag, Zo) in the weak-* topol-
Ogy On Imeasures.

(b) There is a sequence of C* bundle maps 7y, : Ps|x,\z, = P|x0\2
such that A, converges in C™ on compact subsets of X, \ Z,
to the connection Ay. Equivalently, require that for any integer
n > 1, there is a sequence of L2, bundle maps +, such that
v Aq converges in L2, on Xg \ Zo to Ao.

Via the natural extension of Definition 4.2 to sequences of ideal con-
nections, the set of all Uhlenbeck ideal gg-anti-self-dual connections of

fixed second Chern class k,

k
IMx, (90) = [[(Mx,4-1(90) X s'(X0)),

1=0

is endowed with a metrisable topology. Let mo’k(go) be the closure
of Mx,x(g90) in IMx, 1(g0). According to [7 (Theorem 4.4.4)], any
infinite sequence in Mx, ;(g,) has a weakly convergent subsequence
with limit point in mo’k(go), and in particular, the latter space is
compact [7 (Theorem 4.4.3)].

For our description of the bubble tree compactification, we will need
the following minor extension of the convergence result in Theorem
4.4.4 7] and its cousin, Proposition 9.4.2 [7], which allows for a sequence
of metrics {g,} converging to go in C*. The proof employs standard
arguments well described in [7 (§4.4)] and is left to the reader.

Proposition 4.3. Let {U,}32., be an ezhaustion of the punctured
manifold Xo \ {p} by an increasing sequence {U,}>; of precompact
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open sets, so that Uy € Uy @ --- € X \ {p} and U, U, = X, \ {p}.
Let {go}52, be a sequence of metrics on the subsets U, converging in
C™ (r > 3) on compact subsets of X \ {p} to a C" metric go on Xj.
Let P be a G bundle over X, \ {p} and let {A,}32, be a sequence
of go-anti-self-dual connections on the restrictions Ply,. If there is a
constant M < oo such that

/ |F(A)2, dVy, <M for all o,

a

then there is a set of points Zy = {z;}2% C Xo and a go-anti-self-
dual connection Ay on a G bundle Py over Xy such that a subsequence
{Aa}3, converges weakly to (Aq, Z).

The mass of the Uhlenbeck limit (A4¢, Zy) in Proposition 4.3 is 8x?
times an integer and may be computed from the weakly convergent
sequence {A, 12, by

. . 2
(4.2) Jlim lim " |F(Ac)l;, 4Vsa>

where {V,,}%2, is any exhaustion of X, \ {p} by an increasing sequence
of precompact open subsets.

4.2. Conformal blow-ups. Given a sequence of gy-anti-self-dual
connections on a G bundle P over X, with curvature densities concen-
trating near a set of ‘singular points’ in X,, we define associated se-
quences of mass centres and scales. In a manner analogous to Chapter
3, we then obtain sequences of ‘conformal blow-up maps’ fr, (defined
exactly as in §3.3) which resolve these singularities in a sense that will
be made precise below and in §4.3. As will become evident, the pro-
cess of applying conformal blow-ups may need to be iterated before the
singularities are completely ‘resolved’.

Let us commence by defining the first level conformal blow-ups. Sup-
pose {A,}32, is a sequence of go-anti-self-dual connections over X,
with weak limit (A, Zy). Let us consider the behaviour of the sequence
{AL}2; in Mx, r(go) near the singular set Zy = {z;}12% in more detail.
If the point z; has multiplicity k;, then

(4.3) Jim lim |F(Aa)|2, dVy, = 8a°k;.
B(zi,r)
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Choose constants dgy, ro such that
(44) 0O0<dy< r.r;éir_ldist.,;,0 (i, 25), 0<re< imin{l,go,do}.
i£]

We next define mass centres and scales of go-anti-self-dual connections
restricted to the fixed ball B(z;,r9) C X, by appropriately modifying
the previous definitions of mass centres and scales of §3.2 for g;-anti-
self-dual connections over S*. First, note that

(4.5) lim (IF(AQ) 2 —|F(4o) go) dv,, = 8n%k;.
B(z;i,rg)

Choose a frame v; in FXg|,, and let ¢ = ¢! be the associated geodesic
normal coordinate chart. For each 4, define a sequence of mass centres
{Zia}32, in B(z;,70) by Tig = ¢, (gia), where g;, = Centre[A.|p(a:,ro)]
€ R* and

Centre[Aa ’B(z; ,To)]

(4.6) = oo [ a(FAE - IF(AOE,) av,.

2
B(zi,ro)

Define a sequence of scales {A;o}S2; in (0,00) by setting
Mie = Scale[Aq|B(z;,r0)], Where

Scale’[Aq| B(z: o))

19— gial? (|F(4a) 2, = [F(40)[2,) dVeo-

As in §3.2., Eq. (4.7) leads to a Tchebychev inequality:

(IF(4a)2, — |F (o)

) Vi,
(4.8) B(:,70)\B(®ia, BAsa)

2

g0
< 8n’k;R72, R>1.

Hence, if R > 1 and « is sufficiently large, the balls B(z;4, RAiy)

contain most of the 872k; quantity of A,-energy bubbling off at z,.

Remark 4.4. Other choices of scale function are possible. For
example, we might have chosen A;, to be the radius of the ball centred
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at z;, containing A,-energy 87%(k; — 1). A cutoff function is required
in order to regularise this definition.

Thus, we obtain a sequence of scales {4}, associated to the se-
quences of mass centres {z;,}32; and connections {A,}32,. More-
over, Eq. (4.3) implies that the sequence z;, converges to z; and that
the sequence of scales \;, converges to zero. Choose a sequence of
frames v, € FXo|,,, converging to the frame v; € FXy|,, and let
¢71 be the corresponding geodesic normal coordinate charts. Let
feie = $in 0 Cr, © ¢, , where c,,, is the dilation of R* given by
z — /Xy, and let g, be the approximately round metric on X},
defined as in §3.5. Let P,, = (f;!)*P be the induced G bundle over
X, and A;, = (f;1)*A, be the induced §;o-anti-self-dual connection
on P;,. We call the maps f,. conformal blow-ups.

We obtain a sequence of open subsets X, which exhaust X; \ {z;;},
a sequence of metrics {§;,}52,, and a sequence of §;,-anti-self-dual
connections {A4;,}32; over the X/,. The sequence {§;,}32,; converges
in C'® on compact subsets of X; \ {z;s} to the standard round metric
g; on X; = S* Let {g.}3, be the sequence of C*° metrics, defined as
in §3.5, on the connected sum X = #72% X! , defined as in §3.3, and let
{A,}, be the induced sequence of g,-anti-self-dual connections over
X. We call the connected sums (X, g,) conformal blow-ups of (Xo, go)-

There is a uniform upper bound on the L? norms || F(Aia)llz2(x7, 5:0)
since

9 [ FAE e = [P, A,
X B(Iia,N)\,-a)

’
ice

S 871'2(]{7,' + 1/2)7

for sufficiently large a by Eq. (4.3), while Egs. (4.5) and (4.8) give a
lower bound
(4.10)
| 1P, av, = | IP(4a)l2, dVs,
o B(zia,NAL?)
> 8m?(k; — 1/2).

Proposition 4.3 provides a subsequence {4;, }32 ; which converges weak-
ly to an ideal g;-anti-self-dual connection (A;, Z;) over X;, where Z; =
{z:;}7%,. The energy bound of Eq. (4.8) ensures that Z; C X; \ {z;}.
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Let p; = p(A;, Z;) be the associated singular measure on X;, and note
that its mass may be computed by

/ dy; = lim lim \P(A). dV;,..
X:

R—oooa—00 [z, gy Jia

Since this must be 872 times an integer, Eqs. (4.9) and (4.10) imply
that p; has mass 8n2k;, where k; = iz kij, Ai is a gi-anti-self-dual
connection on a bundle P; over X; with ¢,(P;) = ki, and each point
z,; has multiplicity k;;.

Remark 4.5. It is not strictly necessary that we construct a se-
quence of honest metrics g, over the connected sums X = #I'¢ X|,
above; a sequence of conformal structures [g,] constructed as in §3.5
would suffice and this would eliminate the need for the choice of con-
formal factors over the necks. In any case, the actual limits obtained
are independent of such choices.

The above conformal blow-up construction produces a sequence of
9z, -anti-self-dual connections A;,, on increasing subsets X;, of the
four-sphere X; with weak g;-anti-self-dual limit (A4;, Z;). With the in-
verse process of gluing in mind, we describe a modified choice of con-
formal blow-ups which yield centred limits (A;, Z~'z) First, a technical
lemma concerning the variation of geodesic normal coordinate charts
with their coordinate centres is required. The proof uses Taylor’s the-
orem and is left to the reader.

Lemma 4.6. Let Xy be a closed C*™ n-manifold with metric go and
injectivity radius go. Let zo € X and z = exp,' be the geodesic normal
coordinate chart on B(zy, 0y) defined by a choice of frame vy € FX|q,-
Suppose T, € B(zo, 00/4) and p = exp, ' (z1), so that dist,, (z1,z0) =
Ip|. We now define two coordinate charts on B(z1,00/2):

(a) Let v, € FX|,, be the frame obtained by parallel translating
vo along the geodesic joining zo to z;, and let w = exp;' on
B(mla 90/2) .

(b) Let 7, be the translation on R™ given by ¢ — q—p, and let © = 7,0
exp,,! on B(z1,00/2). Then the coordinates w converge to w in
C* on B(zo, 00/4) as p — 0: |0* —w*| = O(|w||p|), [0@* /Ow™ —
§%| = O(p), and for all m > 2, d™w* [Ow®* - - - Bw* = O(p).

Next, we define the mass centre and scale of a positive Borel measure
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p on R* by

(4.11) p = Centrefu] = /

T du,
R+

A2 = Scale®[y] = / iz — | du.
R4

Let © be the product connection over X;. The proof of the follow-
ing lemma describes how to choose conformal blow-ups which produce
centred limits.

Lemma 4.7. Let {A,} be a sequence of go-anti-self-dual connec-
tions over Xo with weak limit (Ao, Zo), where Zy = {z;}12 1is non-
empty. Choose ry as in Eq. (4.4). Then for each z; € Z,, the sequence
{A,} determines a sequence of points {w;,} converging to z;, a se-
quence of frames v, € FXply,, converging to a frame v; € FXol,,,
and a sequence of scales {ki,} converging to zero such that the fol-
lowing holds. Fiz N > 4, let f,,. be the corresponding sequences of
conformal blow-ups, and let A,,, be the induced sequence of G, -anti-
self-dual connections with weak g;-anti-self-dual limit (A;, Z;) over the
four-sphere X;. The limit (A;, Z;) has the following properties:

(a) If A; # O, then A; is centred;
(b) If A; = O, then the corresponding singular measure fi; is centred.

Proof. (a) We begin by defining, exactly as before, a sequence of
points {z;,} converging to z;, a sequence of frames v;, € FXyl|,,,
converging to a frame v; € F X,|,,, and a sequence of scales {);,} con-
verging to zero. Let f,  be the corresponding sequences of conformal
blow-ups and let A,, be the induced sequence of §,, -anti-self-dual
connections with weak g;-anti-self-dual limit (A;, Z;) over X;. Suppose
Center [4;] = p; and Scale[A4;] = v;.

Case 1. Z; is empty. Recall that f,,, = ¢ino0cr, © @5, Az =
(f:;::i)*Aaa and ga:ia = A;z(f;i)*go Define hi = ¢in ©€y,, 0Tp; © ¢z—n1 and
set fu.. = hio f,... Then

fwia = Pin © Crinv; © Tpiaia © ¢;i = @in O Cg;, © @z_uilav

where Wiy = ¢, (Piria), Kia = NiaVi, and &wia = ¢y, © TP_{;{Q. Thus,
Fu.. provides a diffeomorphism from the small ball B(w;q, Nx/?) in
Xo to the open subset B(z;,, N nfal/ 2)) of X;. The sequence of points

{w;n} converges to z; and the sequence of scales {k;,} converges to
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zero. As in §3.5, define a sequence of metrics on the increasing subsets
B(Zin, N62"*) bY Gu.. = K; il (fol)*go. Then §,,, converges to the
standard metric g; in C* on compact subsets of X;\ {z;,}. Define a se-
quence of §,,_-anti-self-dual connections over the balls B(z;n, Nro’?)
by Au.. = (f31)"Aa, and observe that A, = (h[l)*Azia. The se-
quence {4, } converges to the centred connection (h;')*A; in C*° on
compact subsets of X; \ {z;s}-

It remains to replace the chart @ = ¢! on B(wi,,00/2) by a
geodesic normal coordinate chart w = ¢! . Choose a frame v}, €
FXolw,, by parallel translating the frame v;, € FXol;,, along the
geodesic connecting «;, and w;,, noting that dist,,(z:a, wie) = [Pi| Mia-
Thus, as A — 00, the coordinate chart @ converges in C* on B(z;, 0/4)
to the geodesic normal coordinate chart w in the sense of Lemma 4.6.
Define a new sequence of conformal blow-up maps by setting f,.. =
Gin © Cx;o © ¢, and define corresponding sequences of connections
and metrics on the balls B(z, Nk./?) by Au,. = (fol)*As and
Guse = Kih2(f51)"g0. Lemma 4.6 implies that the sequences {gu,, }
and {Aw,-a} converge in C* on compact subsets of X; \ {z;;} to the
metric g; and centred g;-anti-self-dual connection A; = (h;!)*A;. This
completes the proof of (a) in Case 1.

Case 2. Z; is non-empty. The proof is similar to that of Case 1.
Let Z; = h7'(Z;). Then the sequences {4,,_ } and {4, } converge in
C> on compact subsets of X; \ (Z; U {z,}) to the centred connection
(hi')*As

(b) One sets Centre[u;] = p;, Scale[u;] = v;, and essentially repeats
the proof of Part (a) for the sequence of measures p,,, = |F(4;.,){% -

Remark 4.8. In the sequel, we require that the conformal blow—up
maps be chosen as in Lemma 4.7. However, to conserve notation, we
will relabel the points w;, and scales «;, by z;, and A;,, respectively,
and the limit (4;, Z;) by (4, Z;).

A technical point that we have not addressed above is that, just as
in [17], the weak limit of the sequence {A;,} apparently depends on
certain choices of parameters in the conformal blow-up construction:

(1) Neck width parameter N. This was only included in this Chapter
for the sake of consistency with the gluing construction of Chapters 3
and 5: we could just as well have set N = 2, say.

(2) Radius r¢. Following [17], the dependency is removed by letting
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ro — 0. The conformal blow-up process gives a sequence of points
{Zia(ro)}, scales {X;q(r0)}, blow-up maps {f,,. (o)}, metrics {g;a(r0)},
and connections { A;,(ro)}. The sequence of connections {A;,(r)} con-
verges to an ideal g;-anti-self-dual limit (A;(ro), Z;(ro)), for any fixed
ro > 0. We now let ry — 0 and by a standard diagonal argument,
we obtain a weakly convergent subsequence {A;,(ro)} with weak limit
(Aia Zi)a say.

(3) Frames vy, and v;. The construction is SO(4) equivariant: Ro-
tating the frames v;, € FX]|,, and v; € FX,, by elements of SO(4)
induces an SO(4) action on the connections A;, and A; as described
in §3.2.

There is one final issue which will be important in our later discus-
sion of alternative modes of convergence for sequences of anti-self-dual
connections: We must exclude the possibilty that curvature is lost over
the necks €2; arising in the conformal blow-up process described above.
Of course, the curvature can only bubble off with masses equal to an
integer multiple of 872, so it suffices to show that we can choose the
neck parameters to ensure that the curvature masses over the necks
are strictly less than 87%. So, consider again the sequence {A,}32, of
go-anti-self-dual connections over X, with weak limit (Ao, Zy), where
Zo = {z;}12%, and let {A;,}5°,; be the corresponding sequences of g;a-
anti-self-dual connections over X, having weak limits (A;, Z;), where
Z; = {zi;};2. Let {\a}3, be the sequence of scales associated to
the sequence of connections {A4,}5, and the singular point z; € Z,.
Given this situation, standard arguments yield the following curvature
estimates near x;:

Lemma 4.9. Given € > 0, there exist positive constants Ky, r1, and
oo with the following significance. For large enough Ry, small enough
r1 and large enough oo, then Rgl;, < 11 for any a > «p and the
following hold.

(@) F(A)Z2B@:,ro) 50y — 877 Kil < €7,
(b) |“F(Aa)”%,Z(B(:c,',Ro)\,-a),go) — 8n?k;| < €2,
(c) NF(Aic)llr2 e oirsrct) i) < &

(@) [IF(Au)llz2@wc Borcarri)io) < E-

Thus, we have the following curvature estimate which ensures that
in the limit there is no ‘curvature loss’ over the necks €2;. (In particular,
if A,, converges weakly to (A;, Z;), then the singular set Z; C X; does
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not contain the south pole z;,.)

Corollary 4.10. Given ¢ > 0 and N > 4, there is an ap > 0
with the following significance. If Q;, = Q(xia,N‘lz\Zz,Nz\Zz) and,
B, = B(%ia, NA?), then for any a > ao, we have
(a) ”F(Aa)HL2(Qia,yo) <e, and
(5) NF(Aa)a5,.go) — 872Kl < e.

Lastly, we note that the conformal blow-up process may of course
be iterated if the singular sets Z; are non-empty. In the next section
we show that after repeating the conformal blow-up process at most %
times, we obtain a sequence of g,-anti-self-dual connections { A, } which
is strongly convergent. Indeed, given the weakly convergent sequence
{Aix}, over the X| near a point z;; with multiplicity k;; in the
singular set Z; C X;, the second-level process differs from the first-
level only in minor technical details: We define sequences of centres
Tijo = Pay; (gijo) converging to z;; and scales \;;, converging to zero,
now using the metrics g;, and a coordinate chart ¢,,; on X; given by
G2y = Pin © T(;,J_l where ¢;,(¢;;) = z;;. The blow-up maps are defined
using coordinate charts on X; given by ¢,,., = ¢i, 0 T(;jla and setting
fzije = Pijn © Crj, © 4);{13_&. We then proceed exactly as before and
similarly for all higher-level blow-ups.

4.3. Bubble tree compactification. By analogy with the ar-
guments of [23 (§5)] and [17], we define a bubble tree compactification
for the moduli space Mx, x(go) of anti-self-dual connections. First, we
need an appropriate notion of an ‘ideal connection’:

Definition 4.11. A bubble tree ideal go-anti-self-dual connection A
of second Chern class k over X, is determined by the following data.
(a) An oriented tree Z with a finite set of vertices {I}, including

a base vertex 0, and a set of edges {(I_,I)}. Each vertex I is
labelled with an integer k; > 0 such that:

() Liezkr =k,
(ii) if I > 0 is a terminal vertex, then k; > 0,
(iii) there are at most & terminal vertices, excluding
the base vertex.

(b) A (2m — 1)-tuple (A;, z;)1ez, where m is the number of vertices
inZ.
(¢) IfI =0, then Ay is a go-anti-self-dual connection on a G bundle
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P, over X with ¢3(Fy) = ko > 0.
(d) IfI>0,then

(1) Ay 'is either the product connection © or a centred
gr-anti-self-dual connection on a G bundle P; over the
sphere X; = S* with ¢y(P;) = kr, where gy is the stan-
dard round metric,

(ii) z; is a point in X, if I_ = 0 and a point in
X \{zms}ifI_ > 0.

(e) IfI>0and A; = O, then there are at least 2 outgoing edges
emanating from that vertex.

Definition 4.11 should be compared with the construction of ap-
proximately anti-self-dual connections in §3.3. The ideal connection
(Ar,z1)1ez is often written as (Ar)rer. Heuristically, we may view an
ideal gg-anti-self-dual connection A = (A;);ez as a ‘connection’ over
the join Vyer X;, where each sphere X; is attached to the lower level
X;_ by identifying the south pole z;, with the point z; € X; . Let
Z;_ C X;_ denote the set of ‘attachment points’ z; in X, if I_ = 0,
or points 7 in X7 \{z; }, if I_ > 0. Let m; be the number of points
in Zj, i.e., the number of outgoing edges emanating from vertex I.

Second, we need an appropriate notion of convergence. Let X =
#1c7X 1 be the connected sum defined in §3.3 by a set of scales {A1q }rez,
with A, — 0 as & — oo, and a fixed neck parameter N. Similarly, if
{g.} is the corresponding sequence of C* metrics on X defined in §3.5,
then g, converges to g; in C*® on compact subsets of X;\(Z; U {zs})
for each I > 0. As in [7 (8§7.3.1)], we consider the following modes of
convergence for sequences of anti-self-dual connections over X.

Definition 4.12. Let {4,}%, be a sequence of g,-anti-self-dual
connections on a fixed bundle P with ¢,(P) = & over the connected
sum X = #IEIXI-

(a) Let Y € s¥(X) be a multiset in U;ezX; \ (Zr U {z15}). The
sequence {A,} converges weakly to ((A5,z1)1¢1,Y ), if the gauge
equivalence classes [A4,] converge in C* to ([Af]) ez over compact
subsets of Urez X1\ (Z;U{z1,}UY), and if the curvature densities
converge, then

IF(Aa)l;, — D_IF(AD, + 8%y,

Iel
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over compact subsets of Urez X1 \ (Z; U {z1,}).

(b) The sequence {A,} converges strongly to the limit (Aj, zy)ser if
it converges weakly to (A, zr)rez (with no singular set Y) and
Yorez €2(Pr) = co(P). Here, the A; are g;-anti-self-dual connec-
tions on G bundles P; over X; with ¢y (P;) = kj.

We let BMx, x(go) denote the set bubble tree ideal go-anti-self-dual
connection over X, of total second Chern class &. Thus, each point
of BMx, «(go) is represented by a (2m — 1)-tuple (A, 2s)1ez, with m
being the total number of vertices of the tree Z.

Definition 4.13. We say that a sequence {A,}3, of go-anti-self-
dual connections on a G bundle P over X, with c,(P) = k converges
strongly to a bubble tree ideal go-anti-self-dual connection (zy, Ar)rez
in BMx, x(go) if there exist sequences of conformal blow-ups {fr,}res
with the following property. Let {g,} be the induced sequence of C*
metrics in the conformal class [go] on the connected sum X = #;.7 X7,
and let {A,} denote the induced sequence of g,-anti-self-dual connec-
tions over X. Then we require that the sequence of metrics {g,} con-
verges in C'™ on compact sets of X; \ (Z; U {z1s}) to the metric g,
I > 0, and that the sequence of connections {A,} converges strongly
to the ideal go-anti-self-dual connection (Aj, z1)rez-

This definition of convergence extends to the space of bubble tree
ideal connections BMx, r(go), which is then endowed with a second
countable Haussdorf topology. Define the bubble tree compactification
H;O,k (go0) to be the closure of Mx, (g0) in BMx, +(g0)-

Theorem 4.14 The space mo,k(go) is compact.

The result follows from the special case below.

Theorem 4.15. Any infinite sequence in Mx, x(go) has a strongly
convergent subsequence with limit point in H;ka(go).

Proof. The argument is similar to the proof of Proposition 5.3 in
[23]. Fix a G bundle P over X, with ¢;(P) =k > 0 and let {A,}32, be
a sequence of go-anti-self-dual connections on P. The main point is to
repeatedly apply conformal blow-ups f;, until we obtain a sequence of
induced metrics g, over a connected sum X, with (X, g,) conformally
equivalent to (Xo, go), and a sequence of induced g,-anti-self-dual con-
nections over X, denoted by {A,}, which is strongly convergent. We
adopt the convention below that subsequences are immediately rela-
belled.
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Step 1. There is a subsequence {A,} which converges weakly to
an ideal go-anti-self-dual connection (Ag, Zp), with Zy = {z;}2 corre-
sponding to a point in the symmetric product s*(X,). If Z; is empty
then we are done, so assume that mq > 1. Let k; be the multiplicity of
z; and note that 0 < k; < k. For each 7 and large enough «, the con-
nection A, determines a set of mass centers {z;, }iey, with z,, — 2y,
and a set of scales {\;,}iy with A\;; — 0 as @ — oo. Fix a neck
width parameter N > 4, choose a sequence of frames v;, € FXyq.,
converging to a frame v; € FXy|,., and let {f;.} 124 be the conformal
blow-up maps defined by these centres, frames, scales, and parameter
N. If X = #2%X/,, then (X, g,) is the conformal blow-up of (Xj, go)
determined by the maps f;,. Let P now denote the induced G bundle
over X, let A, denote the induced g,-anti-self-dual connection over X,
and let A;, be the restriction of A, to the open subset X/,.

The sequence [4;,] has a weakly convergent subsequence, again de-
noted [A;,], with weak limit (A;, Z;), where Z; corresponds to a point
in s%(X;). Corollary 4.10 implies that no mass is lost over the neck 2.
Hence, if Z; is empty for ¢ = 1...m;, then we have > - k; = k, the
sequence [A;,] converges strongly to [A;], and we proceed to the Final
Step. Otherwise, Z; is non-empty for some 7 > 0 and we proceed to
Step 2.

Step 2. For some i > 0, Step 1 produces a non-empty singular set
Z; = {z;;}%,. Let k;; be the multiplicity of the point z;;, let c3(4;) =
ki, and note that 37" k;; = k; > 0. Let u; be the singular measure
associated with (A4;, Z;). We now consider two cases, depending on
whether or not A; is the flat product connection © over X;.

Case (a). A; = 0. Since Scale[u;] = 1, the diameter of the set Z;
must be positive and so this case can only occur if m; > 1. Let k;; be
the multiplicity of the point z;; and note that as m; > 1 we must have
max; k;; < k—1.

Case (b). A; # ©. Therefore, ki = c3(A;) > 0 and so we again
must have max; k;; < k — 1, since 372 ki; = k; < k.

For large enough «, the connection A;, determines a set of mass
centres {ijq }iny, With ;;, — 5, and a set of scales {\;o}i2y, with
Aijo = 0 as @ — co. Let {f;jo}j=; be the conformal blow-up maps
defined by these centres, scales, and parameter N. Let P denote the

induced G bundle over the new connected sum X = #29 X, #7%, X|;,,
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let A, denote the induced g,-anti-self-dual connection over X, and let
{A;ijo} be the induced sequence of g,-anti-self-dual connections over
the open subsets X;;, of the spheres X;;.

The sequence [4,;;,] has a weakly convergent subsequence with weak
limit (A, Z;;) and no loss of mass over the necks §;;,. If Z;; is empty
for j = 1,...,m;, then we have 37" k;; = k;, the sequence [A;j,]
converges strongly to [A;;], and the blow-up process terminates at the
vertices A;;. Otherwise, Z;; is non-empty for some j and we proceed
to Step 3.

Step 1. 3 <1 < k. For some multi-index I of length |I| =1 —1,
Step I — 1 produces a non-empty singular set Z; = {z;}7-, contained
in the sphere X;. The sequence [A,] has a weak limit (A;, Z;), where
Z; corresponds to a point in s*/(X;). Let k;; be the multiplicity of the
point zy;, let c;(Ar) = kjo, and note that 37V kz; = k7 > 0. Let
be the singular measure associated with (Ay, Z;).

Case (a). A; = ©. Since Scale[y;] = 1, the diameter of the set Z;
must be positive. Hence, m; > 1 and so we have

(4.12) maxky <k—1+1,  |Ij|=1, 1<I<k.

Case (b). A; # ©. Therefore, kjo = c2(Ar) > 0, and Eq. (4.12)
again holds, since 3°7"% kr; = kr < k.

Eq. (4.12) implies that the conformal blow-up process terminates
completely after at most k steps.

For large enough «, the connection A;, determines a set of mass
centres {Zyjqo}jo in X5\ {z}, with z;;, = z;, and a set of scales
{Arja)ish, with Arje — 0 as @ — oo. Let {f1;0};2; be the con-
formal blow-up maps defined by these centres, scales, and parame-
ter N. Let P denote the induced G bundle over the connected sum
X = #1X o751 X oo Lot A, denote the induced g,-anti-self-dual con-
nection over X, and let {Aj;,} be the induced sequence of g,-anti-self-
dual connections over the open subsets X;;, of the spheres Xj;.

The sequence [Aj;q] has a weakly convergent subsequence with weak
limit (Az;,Zr;) and no loss of mass over the necks Qp;,. If Zj; is
empty for j = 1,...,my, then we have 372 k;; = ki, the sequence
[Arjo] converges strongly to [Aj;], the blow-up process terminates at
the vertices Ay;, and we proceed to Step I + 1.

Final Step. After performing at most k& conformal blow-ups, we
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obtain a sequence of g,-anti-self~-dual connections {Aa} over a con-
nected sum X = #;c7X} . The sequence {A,} converges strongly to
a bubble tree limit (A;,z) ez, since the singular points have all been
blown up and there has been no mass loss over the necks Q..

Plainly, the compactification H}O,k(go) is ‘larger’ than the Uhlen-
beck compactification H;O’ «(90). Indeed, there is an obvious surjective
map

(4.13) m: mo,k(go) — MJ;L{o,k(go)
obtained by sending a bubble tree ideal connection (Aj,z1)rez to the
corresponding Uhlenbeck ideal connection (Ag, Z;, ..., Zm,)- The mul-

tiplicity of z; € X, is the sum of the second Chern classes of the
anti-self-dual connections A; attached to the subtree lying above the
vertex 1.

Corollary 4.16. The map  : My, 1(g0) = My, 1(go) s continu-
ous.

4.4. D, convergence and strong convergence. We will need
one further notion of convergence in order to show that every point
of the moduli space My ;(g) lies in the image of the gluing map J
constructed in Chapter 5. Let P be a G bundle over a closed manifold
X with metric g. Following [7 (§7.2.4)], fix 4 < ¢ < oo and let D, be
the distance function on the space Bx p given by

(4.14) D, (4], [B]) = inf |4 — u(B)|l1,(x.0)-

We recall the following definition of Donaldson and Kronheimer.

Definition 4.17. [7 (p. 308)] Let {A\;a}52,, for each I > 0, be
sequences of scales satisfying A, — 0, where X\, = max; A1, and let
{A,}2, be a sequence of connections on a fized G bundle P — X,
where X = #1c7X; and X; = S* if I > 0. The connected sum X has a
sequence of metrics {g, }32, defined by the sequence of scales {A1o},,
a sequence of points {x1,}5>,, where the x1, converge with respect to
the fized metric gr to a point zy € X;_, and a neck width parameter
N. Assume that the connections A, are g,-ASD with respect to the
sequence of metrics {go}5>, on X. Then the sequence {Ay}32, is Dy-
convergent to (Ar,z1)rex if Dy([Aalxy]; [Arlxy]) = 0 as & — co.

D, convergence is called ‘L? convergence’ in [7]. The result below
explains the relationship between strong convergence and D, conver-
gence.
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Theorem 4.18. [7 (p. 309)] Let {A,}2, be a sequence of connec-
tions on a bundle P — X which are ASD with respect to the sequence
of metrics {g,}52., determined by the sequences of scales {A;,}, where
A =+ 0. Then the sequence {A,}S, is strongly convergent if and only
if it is D,-convergent.

5. Differentials of the gluing maps

In this Chapter we obtain L? estimates for the differentials of the
gluing maps J : T/T — M %o.%- These give C° bounds for the compo-
nents of the L? metric g on the bubbling ends of M, ,(go) and allow us
to complete the proofs of Theorems 1.1 and 1.2. In particular, for the
remainder of the article, the hypotheses of Theorem 1.1 are assumed to
be in effect.

5.1. Construction of the gluing maps. In this section we con-
struct the gluing maps J : 7/I' = Mk ,(g) and J:TT = M, +(90),
and set up the analytical framework required for the later sections. Our
first task is to construct a right inverse to the linear operator d};;° and
so we choose suitable Sobolev spaces L?, L} and for the remainder of
this Chapter, we fix

(5.1) 2<p<4and 4<g<oo sothat 1/4+1/g=1/p.

By hypothesis, H5 = 0 for all I and thus the operators d}*" have
right inverses P;. More explicitly, if A%?" is the Laplacian d" (d%")*
and Gj’lg’ is the corresponding Green’s operator, we may set Py =
(dj’lg’ )*G1¥". A standard application of the Calderon-Zygmund theory
and the Sobolev inequalities gives the following bounds.

Lemma 5.1. Assume Hj, = 0. Then the operators P : LP —
LY and Py : LP — LY are bounded and there are constants C; =
Ci(4r,91,p), 1 = 1,2, such that for all £ € LPQ?*(X;,ad Py),

WPréllpexr,argn) < CillPréllze(xr o) < Calléllze(xs.n)-
We next define the C* cutoff functions to be used in the construction

of a right parametrix Q for d;° by patching together the operators Py
over X.
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Lemma 5.2. [7 (Lemma 7.2.10)] For any A > 0 and N > 4, there
ezist a C* function By xy on R* and a constant K independent of A, N,
such that By n(z) =1 for x| > 1A/2, By n(z) = 0 for [z| < N7IA/2,
and ||dBy Nl Lswra,s) < K (log N)~3/%,

Define C'* cutoff functions 8; on each X; by setting

(5-2) Br = (67) Brn [1(65) Brr, v 01 X1,
Iy

where the factor (¢7,')* O, n is omitted when I = 0. Here, the cutoff
functions comprising 8; have been extended so that 8; = 1 on the
complement in X of the balls st(%A}ﬂ) and BI+(%/\XZ). Also, ;=0
on the balls B;,(N-1A}/?) and BI+(N_1>‘Z2) in X;; thus, we may
extend (3 by zero to give By € C®(X). The L* estimate of Lemma 5.2

implies that
(53) ”d51“L4(X1,y1) S CK(]'Og N)_3/4?

for some ¢ = ¢(go, k). For the cutoff functions {v;} defined by Egs.
(3.52) and (3.53), we recall that > ;7 = 1 on X. Note also that
Br = 1 on the support of +y;.

Define operators Q; : LY H91 (X;,ad P;) — LPQ (X, ad Pr) by set-
ting Q; = BrPry;. Define a right parametrix Q : £YQ™9(X,ad P) —
LPQY (X, ad P) for the operator d}’ by Q = 3°; Q;. The error operator
R: LPQT9(X,ad P) —» LPQT9(X,ad P) is then given by

(5.4) d’Q=1+R.

Lemmas 3.15 and 5.1 thus yield the following estimates for the opera-
tors Q7 and Q.

Lemma 5.3. There are constants C; = Ci(go,p,T), ¢ = 1,2, such
that for any t € T, the following bounds hold.
(a) For any & € LPQT97( X ad Pr),

NQréllLacxs,or) < CLllQréllex:,a1.90) < ColléllLe(xz,01)-
(b) For any & € L*PQT9(X,ad P),
NQE e (x.) < CillQ€lczxy < ColléllLe(x,)-
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Next, there is an analogue of Lemma 7.2.14 [7] (see also [7 (p. 294)]),
giving an L? bound for the operator R. The proof follows easily from
Lemmas 3.9, 3.12, and 5.1, and Eq. (5.3). In [7] it is assumed that the
metrics g; are flat in small neighbourhoods of the points zy, but this
restriction is easily removed by using Lemma 3.12.

Lemma 5.4. There is a constant ¢ = (b, N,p), with ¢ — 0 as
N — 0o and b — 0 such that for any t € T and € € LPQT9(X,ad P),
Rl e (x,0) < €ll€llzr(x.0)-

Thus, for the remainder of this article, we choose N, > 4 large
enough and by < 1 small enough so that £(b, N,p) < 2/3 for all b <
b and N > N, and ix N = N, and b; = 4NAY? for all I € T.
We now construct a right inverse P for d;°. Lemma 5.4 yields the
(L?, L?) operator norm bounds ||R|| < 2/3 and ||(1 + R)™!|| < 3. Since
Qr = BrPrvyr, we have the (L?, L?) operator norm bound ||Q,|| < Cy,
say, giving the (L?,L?) operator norm bound ||Q|| < C =3 ,;C;. In
summary, there is the following version of Proposition 7.2.35 [7].

Proposition 5.5. There are constants Ny and by such that for
any N > Ny, b < by, and t € T, the operator P = Q(1 + R)™! :
LEQH9(X,ad P) — LPQY (X, ad P) is a right inverse to d4)’ and there
are constants C; = Ci(go,p,T), @ = 1,2 such that for any
£ e LPQH9(X,ad P),

1P|l La(x,g) < CillPEllczxy < Colléllze(x,g)-

We next construct families of solutions to the full non-linear anti-
self-dual equation over connected sums. For each ¢ € T we seek a
solution A(t) = A'(t) + a(t) to F*9(A’' + a) = 0, or equivalently

(5.5) diPa+ (aNa)™? = —FH9(4"),

where a € Q'(X,ad P). If a = P¢, with £(¢) € QT¢(X,ad P), then this
equation becomes

(5.6) £+ (PEAPET = —FT9(A').

With the aid of Lemma 7.2.23 [7 (p. 290)] (an application of the Con-
traction Mapping Theorem to Eq. (5.6)) and Proposition 5.5, one easily
obtains the following version of Theorem 7.2.24 [7].
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Theorem 5.6. For sufficiently small Mg < 1, sufficiently large Ny >
4, and sufficiently small Tys,, I € I, the following holds. For anyt € T,
there exists an LY g-anti-self-dual connection A(t) = A'(t) + a(t) over
X, with a(t) = PE(t). There are positive constants C; = Ci(go,p,T),
1=1,2,3, such that

T4/
lallzax,g) < Cilléllzrx.g) < CollFH9 (A zo(x,g) < Csb .

We pull back the g-anti-self-dual connections A on P — X via the
conformal maps f; to give go-anti-self-dual connections A = A’ + 4 on
P — X,, where A is defined by

(5.7) A=fr--frA over fo'--- fFHX)),

and similarly for A’ and &. In particular, A = A’ + & is a solution to
the go-anti-self-dual equation F1t9 (A’ + a) = 0 over X, or explicitly

(5.8) db%a + (ana)te = —FHe(4),

where 4 € 2'(X,,ad P). Standard arguments show that the anti-self-
dual connections A4 and A are actually C™ and that they are smooth
points of the moduli spaces Mx x(g) and Mx, (o) [7]:

Lemma 5.7. Let A be the g-anti-self-dual connection over X pro-
duced by Theorem 5.6 and let A be the corresponding go-anti-self-dual
connection over Xqo. Then the following hold:

(a) The connections A and A are C*,
(b) HY =0 and Hg =0, for small enough by and large enough Ny,
(c) Hi=0and H; =0.

From §4.4, we recall that D, is the distance function on Bx ; given
by D,([A],[B]) = inf,eqg ||A — w(B)||z,(x.9)- In particular, we have the
following version of Theorem 7.2.62 [7] (compare also Theorem 4.53
3).

Theorem 5.8. Let A; be gr-anti-self-dual connections on G bundles
P; over manifolds X;, I € Z. If I =0, then X, is a closed, oriented,
C four-manifold with generic C™ metric g, and negative definite in-
tersection form. If I > 0, then X; = S* with standard round metric g,
of radius 1. Let X = #;.7X, the connected sum four-manifold with
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C* metric g (conformally equivalent to go) determined by the choice
of points {x;}, frames {v;}, scales {\}, and neck width parameter N.
Let P be the connected sum bundle over X, where c;(P) = k > 1.
Let X = mazier);. Let Ty, be open balls centred at 0 € H,,Iel
=TIz Ta; and T =Ty, X [[;c7(Ta, x Gl;,), as in Egs. (3.25) and
(3.26). Then, for sufficiently small Ay < 1, sufficiently large Ny > 4,
and sufficiently small Ty,, I € I, the following holds. There is a C™
homeomorphism onto an open subset:

J:T/[T — UCMxp(g), t—[AQ)],

where A(t) = A'(t) + a(t), a(t) = PE(t), and £(t) are as in Theorem
56. For any v > 0 and 4 < g < o0, the manifold T and constant
Xo(v) can be chosen so that, for all X < M(v), U = {[A] € M p(g) :
D, ([Alxy), [Af]) < v}, for all I € T.

Proof. This is a straightforward generalisation of Theorem 7.2.62 [7]
to the case of multiple connected sums (see [7 (§7.2.8)]) and a restriction
to the case where G = SU(2) and 6" (X,y) = 0. The metric gy is not
required to be flat in small neighourhoods of the gluing sites z; € X,.
Lemma 5.7 implies that the image of J lies in the dense open subset
M3 p(g9) C Mx p(g). The fact that J is C* is a calculation of the type
that appears many times in §§5.3, 5.4, and 5.5. See also Appendix A
[22] and Remark 4.24 [3].

We refer to J as a gluing map over the connected sum and its image
U C M ,(g) as a gluing neighbourhood. Moreover, J extends to a C*
gluing map on the larger parameter spaces 7 and 7° of Egs. (3.27)
and (3.30). Further properties of these maps are described in the next
section. Lastly, for the original metric g, on the base four-manifold X,
Theorem 5.8 takes the following form.

Corollary 5.9. Given the hypotheses of Theorem 5.8, there is a
homeomorphism onto an open subset

J:TIT — V C My slg), t—[AQ)],

where V. C M} (go) is obtained by pulling back the subset U C
M p(g) of Theorem 5.8.

Again, J extends to a C* map on the larger parameter spaces 7 and
77, and additional properties of J are discussed in the next section.
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5.2. Structure of the compactified moduli spaces. The
bubbling ends of Muxo’k(gg) away from the diagonals are described in
[7 (8§8.2)]. We extend this description to neighbourhoods of points in
the diagonals of the Uhlenbeck compactification. For related construc-
tions and some further details, we refer to the papers of Taubes and
Donaldson.

The proposition below is the basic result we require in order to
parametrise neighbourhoods covering the ends of Mx ,(g) away from
the reducible connections. See also [3 (§IV)], and [22 (p. 529)] for vari-
ous special cases of the following statements. The following proof is sim-
ilar to the arguments used in the proof of Theorem 4.53
[3 (p- 316 & p. 325)].

Proposition 5.10. Given the hypotheses of Theorem 5.8, the fol-
lowing hold:

(a) The approximate gluing map J' : T/T — By, is a C*™° embed-
ding.

(b) The gluing map J : T/T — U C Mx,(9) is a diffeomorphism
onto an open subset.

(c) The extended gluing map J : T/T — U C Mx,(g) is a C*
submersion onto an open subset.

(d) The extended gluing map J : T°/T — U° C M ,(g) is a diffeo-
morphism onto an open subset.

Proof. (a) The proof is essentially the same as the argument required
for (b) and so is omitted. (b) From Theorem 5.8, J is a C* homeo-
morphism, and so it is enough to show that 7 is also an immersion,
since T/I" has dimension equal to that of M ;(g). From the proof of
Theorem 5.8, there is a C® I'-equivariant gluing map J : T — A% k>
t — A(t). So, we first show that J is an immersion and then conclude
that the induced map on quotients is a diffeomorphism. The constant
Ao may be chosen as small as desired and in (a) and (b), the A; and z
may be held fixed.

Step 1. Definition of restriction maps. Choose cutoff functions
7, as in §3.3, which are zero on the balls By,(b;/2), By, (b, /2) and
equal to 1 on the complement in X; of the slightly larger balls By, (b;),
By, (b1, ). Define a map nx, : L*Q*(X,ad P) — L*Q(X;,ad P) by left
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multiplication with 1, so that
(59) “w - TrXIw”LZ(XI,yI) = O(X)7 w e QI(XIagI)a

since 1 is equal to 1 on the complement of a set in X; of g;-volume

O(X"). Next, for I > 0, choose a cutoff function, which is zero out-
side the annulus Q;, = Q(z/,, N‘l)\}/z, N)\}/z) in Xy, and is equal to 1
on the slightly smaller annulus Q(z;,, %)\}/ ° 2)\}/ 2) containing the sup-
ports of the derivatives of the cutoff functions ;_,7y;. Define a map
mq, : L*QY(X,ad P) — L?QY(Qy,,ad Pr) by left multiplication with
this cutoff function. Lastly, let II = 7o @150 (7x, @ Tq,) be the induced
map

L2QY(X,ad P) — L2QY(X,,ad By)
D150 (L2QY (X[, ad Pr) @ L2QY (Qy,,ad Pr)) .

Step 2. Partial derivatives with respect to lower moduli parameters.
We have C I'4,-equivariant maps d; Ta, = Ax, pp» tr = Ar(ts)
given by the Kuranishi model. Let v be a tangent vector to T4,,, i.e.,
suppose [v] € H},. Then Eq. (5.9) and the estimates of §5.4 give the
following bounds for the differentials with respect to the lower moduli
parameters:

1/2

(5.10) 7, DT (v) = DI (v)l|z2(x1.6r) = OA ).
The map 9, is an immersion and so the range of DY, has dimension
equal to dimHY . For small enough A, Eq. (5.10) implies that the
range of nx, DJ also has dimension equal to dim H},

Step 3. Partial derivatives with respect to gluing parameters. Let
v be a tangent vector to Gl;. The estimates of §5.5 give the following
bounds for the differentials with respect to the gluing parameters:

, 2
(5.11) |lme, DI (v) = DI ()||za(x;,6r) = O(X),
recalling that D J'(v) is supported on 1(%/\}/ 2, 2)\}/ ?). But from Propo-
sition 3.28 we have

(5.12) DT ()|La(xs,0r) 2 €lol;

for some constant ¢ > 0 independent of X. In particular, the range
of 7o, DJ’' has dimension equal to dim Gl;. So, for sufficiently small
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X, Egs. (5.11) and (5.12) imply that the range of mq, DZ also has
dimension equal to dim Gl;.

Step 4. The guotient map. Combining these observations, we find
that the range of ILD.7 has dimension equal to dim H 4, +3 ;. (dim H},
+dimGl;) = dim7, so that kerIIDJ = 0 and J is an immersion.
From Theorem 5.8, the open subset U = J(T) in A 1 projects to an
open subset U = J(T') in M% ,(g) and composing J with the projec-
tion A% , — A% /G, we obtain a submersion Z : T — M% ,(g). The
group I' acts freely on T,J is I-equivariant, dimT/T" =dimM% ,(g),
and the gluing map descends to a diffeomorphism I : T/T' — M% ,(9),
as required. (c) This follows from (b). For the derivatives with re-
spect to Ay or zy, the cutoff functions required to define II should be
replaced by cutoffs with similar supports and which are fized with re-
spect to small variations in the scales and centres. (d) This is similar
to the proof of (c) and uses Proposition 3.5.

In order to parametrise neighbourhoods of boundary points in
mo’k(go), we use the following corollary to Proposition 5.10.

Corollary 5.11. Given the hypotheses of Theorem 5.8, the following
hold:

(a) The approzimate gluing map J': T/T — Bk, x is a C* embed-
ding,

(b) The gluing map J : T)T — V C M¥, 4(g0) is a diffeomorphism
onto an open subset,

(c) The estended gluing map J : T/T = V C M%, +(90) is a C*
submerston onto an open subset,

(d) The extended gluing map J : T°/T — V° C M3, (g0) is a dif-
feomorphism onto an open subset.

Taken together, Theorems 7.3.2 and 7.2.62 in [7] imply that if A is
any g-anti-self-dual connection on a fixed G bundle P over the con-
nected sum X and the necks © are all sufficiently pinched (so that X is
small), then [A] lies in the image of the gluing map. The corresponding
statement in our application is given below.

Theorem 5.12. Given the hypotheses of Theorem 5.8, then the fol-
lowing holds. Let {A,}%°_; be a sequence of connections on a G bundle
P over the connected sum X = #1c7zX; which are anti-self-dual with
respect to the sequence of metrics {g.}32.; determined by the sequences
of scales {\j} with A, — 0, a fized neck width parameter N, sequences
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of points {x1,} converging to {z;}, and frames in FX,|,,, converging
to frames in FX,|;,. Suppose the sequence {Ay}32, is strongly conver-
gent to (Ar)rez, where A; is a gr-anti-self-dual connection over each
summand X;. For ay sufficiently large, there exists a gluing neighbour-
hood U such that [A] € U, for all a > ayp.

Proof.  See [7 (§7.3.1)]. Theorem 4.18 implies that the sequence
{A,}is D, convergent (for any 4 < ¢ < 00) to (A1)rez- So, Theorem 5.8
implies that the points [A,] are contained in a gluing neighbourhood
U, for all o > ay if oy is sufficiently large.

Recall that Gl;, = SU(2) ~ S3, a copy of the standard three-sphere,
and let G, be the closure of Gl,, x (0, \o) in the cone (Gl,, x[0, X))/ ~,
where (p,0) ~ (p',0) if p,p’ € Gl,,. Then, by analogy with [7 (§8.2)]
and [3 (§V)], we set

(513) 7_‘ = TAo x H (TAI x B(xIarO) x —G—lwf)) )

Iez
and likewise, define T°. 1t is also convenient to define
(514) oT = {too = (tlayhplaAI)IEZ € T: )‘1 = 0 for some I}a

where the 4-tuple (t;,yr, pr, \;) above is replaced by t°, if I = 0. The
space 970 is defined similarly. Moreover, the gluing map J has a
natural definition on the boundary d7. Suppose t,, € 37 and let
(A1,---,Ac) denote the corresponding scales in Eq. (5.14) which have
been set equal to zero. By cutting the edges with \; = 0, we may
view the tree Z as a union of subtrees U{_,7°. If t,, € 0T, we write
too = (81, ..., %), with ¢* € 7", and set

(5.15) T () = (T(@Y, ..., T (), tw €T,

where each J(¢') is an anti-self-dual connection over a connected sum
Y, = #1e: Xy, say, and X = #1c2X1 = #5.,Y;. The relationship
between the gluing maps J and J* is explained by the continuity result
below, which we just state in the special cases X = Xo#X,#X,, for
the sake of clarity. The argument required for this case carries over
with no significant change to the more general cases just described.
Proposition 5.13. Let X = Xy# X #X,, let Y = Xy#X, and
letY'" =Y\ B(z,, %/\i/z). Assume that the hypotheses of Theorem 5.8
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hold and let Jx, Jyv be the gluing maps over the connected sums X
and Y, respectively. Then there is an € = e(q) > 0 and a constant
C = Clgo,,T) such that |Tx (v — Ty losre) < OX.

The proof is similar to that of Proposition 7.2.64 [7] and the ar-
guments in §5.3, and so is omitted. It now follows that J extends
continuously to 7.

Proposition 5.14. Assume that the hypotheses of Theorem 5.8
hold. Let {t,}32, be a sequence in T which converges to to, € 97T.
Then the sequence {J (ta)}3, converges strongly to J (teo)-

Proof. Let {\;}¢_, denote the scales, determined by t.,, which have
been set equal to zero in Eq. (5.14). The points ¢, € 7 are then nat-
urally written as t, = (t1,...,t), with the sequences ti, converging to
t* € T%, say. According to Proposition 5.13, the sequence J () is then
D, convergent to (J(t'),...,J(t°)) and hence, strongly convergent by
Theorem 5.18.

It remains to show that Mx, ;(go) has a finite cover consisting of
gluing neighbourhoods. Of course, away from the bubbling ends, the
moduli space is covered by the standard Kuranishi charts. In addition,
the geometry of these charts around the reducible connections has al-
ready been analysed in [14], so our focus here is on the bubbling ends.
Given any Uhlenbeck boundary point (Ao, zy,...,7;) € mmk(go),
where ¢;(Ag) = k — 1 and each z; has multiplicity 1, Theorem 8.2.3
[7] provides an open neighbourhood V of (A, 71, ..., 2;) in mmk(go),
a parameter space 7°/T', and a gluing map J giving a homeomorphism
of T°/T with V =V N My, ,(go). Theorem 8.2.4 in [7] states that this
gluing map extends to a homeomorphism J : 7° JT — V. Thus, away
from the diagonals, the ends of My, ,(go) are covered by gluing neigh-
bourhoods. The generalisations below provide a covering of the ends
of mo,k(QO) which includes the diagonals.

Theorem 5.15. Let (Ao, Z1,...,Tm,) be a boundary point in
mmk(go). Under the hypotheses of Theorem 5.8, there exist neigh-
bourhoods V C mmk(go) of (Ao, T1,...,Zm,) and a parameter space
T° such that if V = VN My, (go), then the gluing map J:T°/T =V
is a diffeomorphism.

Proof. Suppose {[A,]}32; is a sequence in Mx, +(go), converging
weakly to the Uhlenbeck limit (Ag, Z1, ..., Tm,). Let {[A.]}32, be the
corresponding strongly convergent sequence in Mx x(g,) with the bub-
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ble tree limit (A7, z;);ez. Then Theorem 5.12 produces a gluing neigh-
bourhood J(7°/T) =U C My ;(g.) and an o, such that [A,] € U for
all @ > ag. Let V be the corresponding neighbourhood in Mx, x(go)-
Then the conclusions follow from Corollary 5.11.

Theorem 5.16. Given the hypotheses of Theorem 5.15, the gluing
map J extends to a homeomorphism of 7 /T with a neighbourhood V
of (Ag,T1,. .., Tmyy) in mo,k(QO)-

Proof. This follows from Proposition 5.14 and Theorem 5.16.

Remark 5.17. So, every boundary point in mo,k(QO) has a
neighbourhood constructible by gluing. Plainly, the same statement
holds for boundary points in MwTXo,k(go).

5.3. Derivatives with respect to scales and centres. The
main purpose of this section is to obtain L? estimates for the partial
derivatives of the family of go-anti-self-dual connections A with respect
to the scales A; and centres z;.

Unless noted otherwise, throughout this section and for the remainder
of this article, we assume that p and q are Sobolev exponents satisfying
the strict inequalities 2 < p < 4 and 4 < ¢ < oo, where ¢ is determined
by 1/p = 1/4 + 1/q. The constant Ay > 0 is assumed small and may
be decreased as needed. We use C = C(go,p,T) to denote constants
which are independent of the points t = (t7, p1, 5, A;) € 7. As usual,
we abbreviate the derivative with respect to the centre parameters,
pf0/0qy (where |p1| < 1) by 9/0pr.

Denoting n = —F*9(A’) in Eq. (5.6), we have the following prelim-
inary estimate for the derivatives of 4 with respect to the parameters
Ar and z;.

Lemma 5.18. Let £ and a = P£ be as in Theorem 5.8, and assume
that the conditions of that theorem hold. Then, for small enough Ay >
0, there is a constant C = C(go,T) such that for anyt €T,

/\/\—1/2>
(a) HOAI L?(XO,go) <H8/\1 L2(X,g) “8/\1 L3(X,g) ’
INE
(®) H@pf L2(X090) <“8p1 12(X,9) ”8101 L?(Xg)+ )
Proof. From Proposition 3.24, we have

0d _1/2

— CA 2

8A] L2(Xo,go) L2(X 2 + I ”a||El(X)7

where a = P¢ and O(P€)/0A; = (OP/OA1)€ + P(0¢/0)\;). The esti-
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mates of Proposition 5.5 and Theorem 5.6 then give (a). The proof of
(b) is similar.
We now differentiate the g-anti-self-dual equation and obtain a priori
estimates for the partial derivatives of £ with respect to A; and z;.
Lemma 5.19. Let & be as in Theorem 5.8 and assume that the
conditions of that theorem hold. Then, for small enough Aq > 0, there
is a constant C = C(go, T) such that for any t € T,

(@) 110¢/0Mlzgg) < C (1+ XA + M(OP/0AE svx.))

(5) 19¢/9prllzzcx.0) < € (1+ X(OP/Opr)€llzscx.o))-
Proof. Differentiating Eq. (5.6) with respect to A; gives

3§ 377 a*g
O\ 6)\1an6 A (Pﬁi\gP * APE\ +s
(aAIApf) (P“axf) '

The estimates of Lemma, 3.14 and Proposition 5.5 imply that

o <5

+Clel (

+ClelzaAr

..

Proposition 3.26 and Theorem 5.6 yield ||0n/0Ar||z: < C, and ||£]|z= <
CX respectively. Thus, for A small enough, we may assume C|¢|[z> <
1/2. Part (a) then follows by combining the above estimates and rear-
rangment, and the proof of (b) is similar.

To complete our task, we need an estimate for the derivatives of P
with respect to Ay and z;. Before proceeding, we first record some
bounds for the derivatives of the cutoff functions 5; and ;. Sup-
pose 1 < p < oo. From the definition of J; there is a constant
C = C(gy, N, p) such that

H OArllg “ 3A1

(5.16) dBrl,, < CATY2 on O, O,
NdBrll o (x1,0) < C\2/P=1/2,
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Second, for the derivatives of 3; with respect to A, one has

(5.17)
_a_ﬁi S C}\[—l, adﬁ-] S C)‘I—3/27
OAr L (Xy.975) OA; Leo(X7,97)
’ 9B; < p¥/pe ‘ 0dp,y < oA
OAr LP(X5,95) OAr LP(Xy.95)

for J = I_ or I, these derivatives being zero otherwise. Third, for the
derivatives of 8; with respect to x;, one has

(5.18)
{ 961 < OXY? ”95@ < O
Opr L=(Xs95) o Opr L>(Xs,91) T
H% < \2/P=1/2 H% < )2/
Opr LP(X7,95) ! ’ Opr L?(Xs,97) B ! ,

for J = I_ or I, these derivatives being zero otherwise. The cutoff
functions v, also satisfy the bounds of Egs. (5.16), (5.17) and (5.18).
Proposition 5.20. For any 0 < 6 < 3 and 2 < p < 4 defined by
p =4/(1+26), and small enough Xy, there is a constant C = C (6,90, T)
such that for any t € T and £ € LPQ9(X,ad P),
(0) NOP/oA)El|scxg) < OX 7€l o x.a)s
() 1OP/3pr)Elluscxsy < CAT €l s x,p-
Proof. (a) As P = Q(1+ R)™', we first obtain operator bounds for
0Q/0X;, OR /A, and then deduce an operator bound for dP/9;.
Step 1. Estimate for Q/0A;. Recall that Q¢ = Y ; Q;€, where
Q7 = B;P;7v; is independent of A; for J # 1 _, I, and so

0Q _ 09  0Q:
;O o’

where

0Q; 0B dcy
el _ZHlp p,—L
B on, T ArPigs
with the analogous expression for dQ;_ /dA;. Choose 4 < ¢,q; < 00

and 2 < p,p; < 4 by setting

(5.19) p=4/(1+25) and g¢=4/(1—26),
I/p=1/4+1/q and 1/2=1/pi +1/q,
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and observe that 1/4 = 1/¢+ 1/¢; and 1/2 = 1/p + 1/q, while 2/p =
1/2+ 6 and 2/q = 1/2 — §. Applying Holder’s inequality, the opera-
tor bounds for P; of Lemma 5.1, and the fact that ||08;/0A;]|r. and
187:/8A1|z. are bounded by CA¥?™" from Eq. (5.17), we find

2Q; o8,

O\ e

Combining the above estimate with the analogous bound for the
0Qr_/O\r term, we see that

lells +C 1\3—1

s¢ lellzr < CAY T M€ 2o

(5.20)

H a/\I ‘ 4 < C/\?'/q_lnglllzp,

completing Step 1.
Step 2. Estimate for 9R/0\;. We have R = d;°Q — 1 on X, and
so differentiating with respect to A; gives

HA +.9 aQ
_ 9% +,9 7%
8/\ St = 8/\ oo @t [8/\ ’Qé] et

Using our L*° bound for 8 *, /0A; of Lemma 3.14, the L* bound for
0A'/OA; of Proposition 3.25, and the operator norm bounds for @ of
Lemma 5.3, we obtain

(5.21)
B i
Y A AN

For the d4 Q term above, noting that da- Q¢ = >_; da;, Q1€ and writing
Ay = Ay + ay over X lead to

da, Qi€ = dB; A Pyry;& + Byda, Prys€ + Bilas, Prvsé].

By the bounds ||dB;||z« < C of Eq. (5.16), [las|lz+ < CX of Lemma 3.9,
Hoélder’s inequality, and the operator bounds for P; of Lemma 5.1, we
find that

(5.22) lda Q€llLz < Cll€llzz-
For the d}?0Q/0); term, note that

oQ 0Q;_ 0Q
+,9 7% +.9 gL
e WL e

< ONYdaQEle + Clilze +
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We use dZ’I“PI =1 and B; = 1 on supp -y to get

a a +.9 8
d+ 4 66)?1 (dafl A Py 1§> + a—f;[az,P171§]+’g
6 +,9 a 6
+(anp ) "4 De g o, O]
198,
28)\1( yl)dAIPaI’YI§
y
+§ﬁ1( *g.)da, Pr 6AI§

with the analogous expression for d+ 6Q1 JOA;. From Lemmas 3.14
and 5.1, it follows that

0 o o
4 a% <@ \daf' €lze +C af’ larllz €l e
I L2 IlLe 8’)'1 1571
+CHdﬁIHL4' 8)\1 . Hf“[,p + a—AI‘ Le “é.”Lp
+Cllarllps | oE €l zs
8ﬂ O lips 3
1 VI
+0x| Z2N el + X[ S| el

Now ||a;||z« < CX by Lemma 3.9, and because of Eq. (5.17), ||08:/0X:]| e
and ||0y;/0X;||L. are bounded by CAY*! | Hence,

99

+I,§ < 2/g-1 -
dAI 6A1£ CA ”5”14 )

with the analogous bound for the djilg 8Qr_/0Ar term. Therefore,

(5.23) < OXYTHIE e

82,

Combining the above inequalities and noting that ||&|lr2(x,g)
< C”&“L"(X,g)a yleld

(5.24) < CAY M€ ke

|5

LY(X.9)

which completes Step 2.



542 PAUL M. N. FEEHAN

Step 3.  Estimate for 0P/d)\;. Differentiating P = Q(1 + R)™*
with respect to A; gives

P 3Q OR
= TR QU+ BT e

—(1+R)!
and thus applying the bounds from Steps 1 and 2, we have

< O € o (x,0)
L(X,qg)

Jovx

which yields (a) since 2/¢ — 1 = —1/2 — 6. For (b), the strategy of
(a) shows that ||(0Q/0p;)€||z+ and ||(OR/0p1)€]|La(x,e) are bounded by
CAY17Y2||¢]| v, leading to

< OV e,
LY(X,g)

(5.25)

|5

and so (b) follows.

As is readily verified, Lemma 5.19 and Proposition 5.20 then provide
the following estimates for the derivatives of £ and a with respect to
A7 and z;:

Corollary 5.21. Let{ and a = P¢ be as in Theorem 5.8 and assume
that the conditions of that theorem hold. Then, for small enough Xy >
0, there is a constant C = C(6, gy, 7T ) such that for any t € T,

(a) |0&/0A1||L2x,9y < C(1 + PR PRAa
(b) 10¢/9p1ll2x,9) <CA+ X
(c) 110a/Otllraix,qy < C(1+N

() 119a/0p1l|zaxq) < CL+X A7),

With bounds for the derivatives of £ and P with respect to A\; and
z; at hand, we obtain our final estimates for the derivatives of the anti-
self-dual connections 4 and A. Since A = A'+a, combining Proposition
3.25 and Corollary 5.21 gives

Corollary 5.22. Assume that the conditions of Theorem 5.8 hold.
Then, for any 0 < § < 1/2 and small enough Ay > 0, there is a constant
C = C(d,90,T) such that for any t € T, the following bounds hold:

(a) 10A/OA || 12(x,) < C(1 + /\1/2+6/\ 1/2_5)7
(6) 10A/3pillLax.e < C(1 +/\1/2+6/\15).

?

/2+6
I )7

1/2+6 1/2_5)
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Theorem 5.23. Assume that the conditions of Theorem 5.8 hold.
Then, for any 0 < § < 1/2 and small enough Ay > 0, there is a constant
C = C(d,90,T) such that for any t € T, the following bounds hold:

(a’) ”aa’/a)‘IHLz(Xo,go) < C(l +X1/2+‘5)\I—1/2——6),

“ —1/246 . _ -
(b) 10A/BN||p2(xeg0) < CL+ X HAT20),
~ —1/246 | _

(¢) 1188/0p1ll1a(xo.00) < CL+X77707%),
o ~1/246 | _
(d) 110A/0prllL2(x0,00) < C(1 4+ A AT,

Proof. Using the bound ||€||z» < CX'? of Theorem 5.6, the equality
2/p = 1/2 + 4, the L? estimate for da/8\; in Lemma 5.18, the L?
estimate for d£/0A; in Corollary 5.21, and the operator estimate for
OP/0)\; in Proposition 5.20, we obtain

which yields (a). Then (b) follows from (a) and the estimate
naA'/a,\,uLz(Xo,go) < C of Proposition 3.27. The proofs of (¢) and
(d) are similar.

5.4. Derivatives with respect to lower moduli. In this
section we obtain estimates for the derivatives of the family of g,-anti-
self-dual connections A with respect to the lower moduli parameters
t; € Ty,. Just as in §5.3, the strategy is to use the g-anti-self-dual
equation of Eq. (5.6), together with its derivatives with respect to the
t; parameters, to first obtain estimates for the derivatives of a and &,
and then the required derivatives of & and A’. The Sobolev exponents
p,q are fixed so that 2 < p < 4 and 4 < ¢ < 0o, where ¢ is determined
by 1/p = 1/4 + 1/q. We have the following preliminary estimates for
the derivatives of £ and a.

Lemma 5.24. Let £ and a = P£ be as in Theorem 5.8, and assume
that the conditions of that theorem hold. Then, for small enough Ay >
0, there is a constant C = C(go,p,T) such that for any t € T,

(a) 110a/0t;||Lr(x,5) < ClIOE/Bt1llLr(x,0) + |(OP/Ot1)El Lo (x5

(6) 10¢/0trllzscxgy < C (X777 + X711 (0P/0t1)E N 1scx.)-

0a
OAr

3

<C (Xl/2+5)\1—1/2_5 +14 —A—3/2+5)\I_1/2_5 + Xl/2+5)\;.1/2)

L2(Xo,90)
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Proof. Differentiating Eq. (5.6) with respect to ¢; gives

9 om  (oP¢ 9 apg)
5t oty (at, AP 5) (P N ) o
oP¢ P o¢
Ot;  Otr + P&}‘

The proofs of (a) and (b) are then similar to those of Lemmas 5.18 and
5.19.
Thus, an operator estimate for OP/0t; is required. As P =
Q(1 + R)™!, we have
OP 0Q LOR

(5.26) 5 = B, 1+R)1'-Q1+R)! or;

—(1+R)™"

We recall that P; = d;?’ G129, Differentiating with respect to ¢;, we
obtain

8P, odye ., ’ dALH
-4 I r_ r9r +, 91 + 91 .
ou ot O A GAr 5, G

The derivatives of d:* and dy9" with respect to t; are given by

ad-hgl o % w] +,91 [aAI :‘4—,91 "
Oty dtr’ ot ’
adyo 0A; 94; 1*
at] f =—x [ ’ 6] [ ] 57

for any w € QY(X;,ad P;) and £ € Qt97(X;,ad P;). Therefore,

BAjf’ _ l:aAI ] +.91 d* o R d+ o |:6A1 ] *
Ot; otr’ ot;’ 1’
and so we find that
aPI o [6AI ]* +g [6141 ]‘1",91
— Ay | —— . I P;.
(5.27) e i) =(1 Prdy ) T Gy - P 5 f

Note that 1— P;d;% is a bounded (L?, L?) operator on Q9 (X}, ad Pr)
by the Calderon-Zygmund theory.

Lemma 5.25. There is a constant C = C(go,p,T) such that for
anyte T,
(a) WOP1/0tr)éllLsxr.on) < CHeller(xsgny,  for & € LPQT91 (X1, g1),
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(6) 10Q/0tr)&laxs) < CllEllLr(x,q),  for £ € LPY9(X, g).
Proof. Since 1 — Pyd};*" is bounded on LY(X7,g;), Eq. (5.27) and
the Holder inequalities show that

0P, H 0A;
it < || ==L
oty — | Otr

0A;
oty

IG5 €]l + C H
Loe

| Préllze-
L4

But G}*" and P; are bounded (L?, L?) operators and noting that the
family A;(t;) is smoothly parametrised by ¢; € Ta,, we obtain (a).
Since Qr = BrPryr and Q = 3, Qr, inequality (b) follows.
It remains to estimate the derivative of R with respect to i;.
Lemma 5.26. There is a constant C = C(go,p,7T) such that
for any t € T and £ € LPQT9(X,g), we have ||[(OR/0t1)E||Le(x,9) <

Cll€llze(x.9)-
Proof. We recall that R = dj:gQ —1lover X and R = d};”Q; -1
over X;. Writing A} = A; + a7, we find that

R= dﬂll A Pryr + Bid 3% Pryr + Brlar, - 119 Prys
+§(*9 — %g,)Brda, Pr — 1.

Noting that dj;g' P; =1 and differentiating with respect to ¢;, we have

5 = dfr A 71§ + 01 [ P171§]+,g

aP +.9
(5.28) +0;1 [al, atl’)’lf]
| 1 dA
‘|‘§( *g, )01 [ ! PI’YIf]
1 GP
+§(*9 - *gl)ﬂIdAI a_tII’YIéa

and therefore

aP[ 6(11
< 4 - q
5| <ctasmles |Gme| +c|G] 1prmens
0P, aA
(529) + Cllalas [Gone) -+ x| 1Pt
OP;
+C)‘ dAI Bt 716 5
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where a; = (¢py—1)o; Ar and da; /0t = (Yr—1)o;0A;/0t;. Aside from
the self-dual projection and factor 3;, the last term on the right-hand
side of Eq. (5.28) is given by

dA1 _GPI’)’If = —dy, * [aAI +g")’1§] +dAIPId+ 9 [aAI G+ d f}
oty ot d
—d4 P [8‘4’ P, g]ﬂ
A LT ot T

Since P is a bounded operator from L? to LY, using the bounded
inclusion LY — L? we see that

03] ol [ i, [,
<c ‘% 1G5 el
vt el
|G v el

|

L ”PI’)’IfnLq-

Since the family A;(t) is smoothly parametrised by ¢; € T4,, and GJr o
is a bounded operator from L? to L%, we have

0P

(5.30) da, 87716 < Cli€ll e
I Lp

Egs. (5.29), (5.30) and Lemma 5.25 then yield the required bound for
OR/0t;.

Thus, Eq. (5.26), together with Lemmas 5.25 and 5.26, provides an
estimate for the derivative of P with respect to #;:

Proposition 5.27. There is a constant C = C(go,p,T) such that
for any t € T and £ € LPQH9(X,ad P), we have ||OP/0t€||La(x,9) <
Cll€]| Lr(x,9)-
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This leads to our final estimates for the derivatives of £ and a with
respect to Zy.

Corollary 5.28. Let & and a = P be as in Theorem 5.8, and as-
sume that the conditions of that theorem hold. Then, for small enough

Xo > 0, there is a constant C = C(go,p,T) such that for anyt € T,
2/p—1/2

(a) N|0&/0t1|Le(x,9) < CA ;
(b) 118a/0ts||poxq < CX/PTH,

Proof.  Inequality (a) follows from Lemma 5.24 and Proposition
5.27, since ||&]jr» < ox’” by Theorem 5.6. Inequality (b) then follows
from (a) and Lemma 5.24.

By combining Proposition 3.30 and Corollary 5.28 we obtain an es-
timate for the derivatives of the connections A = A’ + a over X:

Corollary 5.29. Assume that the conditions of Theorem 5.8 hold.
Then, for any 2 < p < 4 and sufficiently small Ay > 0, there is a
constant C = C(go,p, T) such that for any t € T,

(a) 10A/0tr = 041/t l1oexpan < X,

() 10A[0t||1e(x,9y < C.

We now come to the main result of this section.

Theorem 5.30. Assume that the conditions of Theorem 5.8 hold.
Then, for any 2 < p < 4 and sufficiently small Xy > 0, there is a
constant C = C(go,p,T) such that for any t € T,

. ~2/p—1/2
(a) |0a/0tr||Ls(x0,90) < CA /

(8) N104/8¢1]|1r(x0.00) < C-
Proof. Let U = fo'--- ff'(X}) C X, and note that da/dt; =
S for f10a/0t; on U. Lemma 3.19 gives

13& SCZ
1

Otr
and so Part (a) follows from Corollary 5.28. Part (b) follows from (a),
and the estimate |J0A’/t1|| e (x,,50) < C of Proposition 3.32.

5.5. Derivatives with respect to bundle gluing parameters.
We obtain estimates for the partial derivatives of the family of gg-anti-
self-dual connections A(¢) with respect to the bundle gluing parameters
pr € Gl;. The Sobolev exponents p, g are fixed so that 2 < p < 4, with
4 < g < oo determined by 1/4+1/g = 1/p. We first recall the estimate
of Donaldson and Kronheimer for the derivative of a = P¢ with respect

da
ots

<c’

Lr(Xo,90)

* *aa’
fo"'flét—l

?
L#(Xo0,90) LP(X,9)
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to the gluing parameters p;. As described in §3.8, we work with an
equivalent family of g-anti-self-dual connections A = A’ + @ on a fixed
bundle P. Thus, considering only the gluing parameters, we have a
diffeomorphism By 3 v — A(p;,v) € Ak p (where By is the unit ball
in g), giving a family of C* connections on a fixed bundle P = P(p,), as
in Eq. (3.58). Here, By 3 v — p;(v) = prexp(v) € Gl; is a coordinate
chart centred at pr € Gly, as in Eq. (3.57). This understood, one has
the following bounds.

Proposition 5.31. [7 (p. 303)] Let a be as in Theorem 5.8, and as-
sume that the conditions of that theorem hold. Then, for small enough

Ao > 0, there is a constant C = C(go,p,T) such that for anyt € T,

18a/8v]1a(x,p) < X/

Proof. The proof in [7] deals only with single connected sums X =
Xo#X1, but the argument adapts without significant change to the
general case of multiple connected sums #;c7X;. Likewise, the as-
sumptions in [7] that I’y = 1 and HY, = H}, = 0, for all I, do not
affect the relevant estimates.

Corollary 5.32. Let A be as in Theorem 5.8, and assume that the
conditions of that theorem hold. Then, for small enough Aq > 0, there is

a constant C = C(go,p,T) such that for any t € T, |0A/0v||1s(x,5) <
~2/p—1/2

CA

Proof. Combine Propositions 3.28 and 5.31.

Moreover, we have the following estimates for the derivatives of the
go-anti-self-dual connections A = A’+ & on the fixed bundle P over Xj.

Theorem 5.33. Assume that the conditions of Theorem 5.8 hold.
Then, for small enough A¢ > 0, there is a constant C = C(go,p,T)
such that for anyt € T,

~2/p+1

(a) 1|06/0v]|Le(x,) < C ,

(6) 1104/0v]|Lo(xq) < CXTTTH2.
Proof. Sinced = f;---fifaonU = fg'o---0 f;'(X}]), Lemma 3.19

gives

da

< —_
Cau

Lr(U,g0)

* *aa
£ fi g

4
LrP(X},9r)

and Proposition 5.31 gives (a). Similarly, (b) follows from (a) and
Proposition 3.29.
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5.6. Differentials of the gluing maps and final arguments.
We summarise the results of the preceding sections and record our
bounds for the differentials of the approximate gluing maps J and J.
The estimates for DJ then give bounds for the diagonal (and so all)
components of the L? metric g and completes the proof of Theorem 1.1.
Combining these metric bounds with results of Donaldson in [5] then
completes the proof of Theorem 1.2. The following two theorems sum-
marise the estimates obtained in §§5.3 to 5.5, the first following from
Corollaries 5.22, 5.29, and 5.32 and the second from Theorems 5.23,
5.30, and 5.33.

Theorem 5.34. Let J : T/T' — Mx ,(9) be a gluing map and
assume that the conditions of Theorem 5.8 hold. Then for sufficiently
small Ao > 0 and any t € T, there ezxists a constant C = C(go,T ) such
that the following bounds hold:

(a) IIDT(0/0t)||z2(x,0) < C
—1/2
() |DT(8/0p7)llz2(x,0) < CN
(¢) DT (8/0z7)r2x,p < CA+XNTTAF),
—1/2+§, .
(4) DT (B/0M)|s2xp) < CL+X7TAT),

Theorem 5.35. Let J : T/T — My, (g0) be a gluing map and
assume that the conditions of Theorem 5.8 hold. Then for any 0 < é <
1/2, sufficiently small Ay > 0 and any t € T, there exists a constant
C =C(, go, T) such that the following bounds hold:

(a) 1IDT(8/0tF)||z2(x0,00) < C,
~ ~1/2
(6) DT (/86| z2xo 000 < CX
- ~1/2+5
() IDF(@/0a))ll2(xoan < CL+XTTXT),
<1/2+¢ —
(@) IDI@/OM)llz2ctoay < C(L+ X 7A770).

It remains to reinterpret the bounds of Theorem 5.35 in terms of the
corresponding bounds for the diagonal components of the L? metric g.

Corollary 5.36. Under the hypotheses of Theorem 5.35, the follow-

ing bounds hold:
(a) 8(8/0t3,8/0tF) < C,

(b) g(8/8p7,8/0p7) < CX,
(c) g(8/0z",8/0z%) < C(1+ X A7),
(d) &(8/0M\1,8/0x;) < C(L+X T AT).

—1/2+6

)
)

~1+26
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Recall that the g-length of a path (s,51) 3 s = A(s) € M%, ,(90)
is computed by

81 0A HA 51
/so “g(a’?ﬁ dsﬁ/so

The proofs of our main results are now essentially complete.

Proof of Theorem 1.1. Since 0 < § < 1/2, the bounds of Theo-
rem imply that the gluing neighbourhoods V = J(7° /T') have finite
g-volume and g-diameter. Therefore, the bubbling ends of M%, ,(go)
have finite g-volume and g-diameter since the entire moduli space is
covered by finitely many such neighbourhoods. Away from the Uhlen-
beck boundary, gluing neighbourhoods consist simply of C* Kuranishi
charts. The conical ends corresponding to Kuranishi charts around the
reducible connections have finite g-volume and g-diameter by Theo-
rem 1 [14].

Next we consider the relationship between the metric completion and
the Uhlenbeck compactification of the anti-self-dual moduli space. Let
dy be the distance function on My ,(go) defined by the L* metric g.
Thus, if [A], [B] are two points in M, (go), then dy([A],[B]) is the
infimum over all g-lengths of paths in Mk, ,(go) joining [A], [B]. If
the two points lie in different path components of the moduli space,
then set d2([4],[B]) = co. Since b*(X,) = 0, the moduli space has at
most finitely many path components; we say that M} _,(go) has finite
g-diameter if the sum of the g-diameters of the connected components
is finite. In [5], Donaldson constructs two other distance functions, D,
and Ds, for any fixed ¢ > 0. First, given points [A], [B] in By, ;, set

0A

—a—; ds.

L2(Xo,90)

Dy([4],[B) = inf |14 - u* Bllz2x.0

Lemma 2 [5] (or Lemma 4.2.4 [7]) shows that D, is a well-defined dis-

tance function on B, . Moreover, Lemma 1 [5] implies that D, ([A], [B])
is equal to the distance function defined in the usual way by the L? met-

ric on B, ; as the infimum over g-lengths of paths in B, , joining [A]

and [B]. One then obtains a second distance function on M} ,(g0) by

restriction. Define an e-neighbourhood of M%, ,(go) in B, ; by

Bitow = {[4] € By, it 1FX lza(xo,00) < £}
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Then Dj5([A],[B]) is defined as infimum of the g-lengths of paths in
BY%; r joining two points [A] and [B] in B¥: .. One now obtains a
third distance function on M¥%,_ ,(go) by restriction. The three distance
functions dy, D,, and D5 on My, ,(go) are related by

for all [A], [B] € M%, ,(g0). Toshow that the dy-completion of M, ,(go)
is homeomorphic to the Uhlenbeck compactification mo,k(go), it is
enough to prove that a sequence [A*] in M, ,(go) is dy-Cauchy if and
only if it is convergent in the Uhlenbeck topology. For the metric D3,
one has

Theorem 5.37. [5 (Theorem 4)] For any € > 0, the D5-completion
of M%, +(go) is homeomorphic to mo,k (go)-

Thus Donaldson’s result gives part of the proof of Theorem 1.2:
Suppose a sequence [A*] in My, ,(go) is do-Cauchy. According to Eq.
(5.31), it must also be D§-Cauchy and so is convergent in the Uhlenbeck
topology by Theorem 5.37 or simply by Proposition 6 [5]. The proof of
the reverse direction, namely that a sequence [A®] which is convergent
in the Uhlenbeck topology is also d;-Cauchy, is included in [9].
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